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Preface

The field of artificial intelligence (AI) is growing at a rapid pace, and with it comes an
increasing need for a solid understanding of the mathematics and statistics that form its
backbone. This book, Mathematical and Statistical Foundations of Al, was written with a
clear purpose: to provide a practical and focused starting point for learners who wish to
build a strong foundation without feeling overwhelmed.

Allow me to share a bit of my own journey. I graduated with a Bachelor of Applied
Mathematics more than twenty years ago. Early in my career, I applied my mathematical
background as a statistical data analyst on various software projects. Over time, I became
involved in data mining initiatives and later transitioned into the role of a data scientist.
Along this path, I came to realize just how essential a solid grounding in mathematics
and statistics is—mnot only for understanding Al systems, but also for making meaningful
contributions in practical Al applications. This personal experience inspired me to write a
book that can help others build that foundation efficiently and effectively.

Each chapter in this book is deliberately concise—typically no more than five pages—designed
to offer practical explanations, real-world examples, and clear connections to Al tasks.
Rather than diving into excessive detail, my goal is to provide a jump start: a guide that
clarifies key concepts and shows the path for further exploration and learning. The focus is
on making mathematical and statistical ideas accessible, actionable, and directly relevant to
Al development and practice.

I hope this book serves as a useful companion on your journey, helping you gain confi-
dence and direction as you progress toward more advanced topics in Al and machine learning.

You are free to copy, share, and use any part of this book as you need. If you find it
useful, I kindly ask that you cite it—only if you wish. This work is provided freely to support
your learning and development in Al

Saman Siadati
February 2021
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Chapter 1

Numbers, Sets, and Logic

1.1 Introduction

Mathematics forms the underlying structure of many fields, and in artificial intelligence (AI),
it acts as a foundational tool for modeling, abstraction, and reasoning. The journey into
AT begins with a solid grasp of basic mathematical structures such as numbers, sets, and
logic. These are not only the building blocks of all mathematical thinking but also crucial
in computational applications.

Numbers help quantify and measure, sets organize collections of objects or data, and
logic allows machines to make decisions based on formal rules. Without these elements,
designing algorithms, structuring data, or performing any kind of automated reasoning would
be nearly impossible.

In AI, everything from neural network computations to decision tree logic relies on the
principles introduced in this chapter. By understanding these basic constructs, learners gain
the ability to interpret more advanced Al models and techniques more confidently.

1.2 Types of Numbers

The concept of numbers has evolved over centuries to accommodate increasingly complex
problems. Numbers are more than symbols; they are representations of value and quantity,
which AT systems must understand and manipulate.

We start with natural numbers (N = {1,2,3,...}), which are used for basic counting.
These are extended to whole numbers by including zero (0). For example, if a robot counts
objects on a table, it may report there are 5 items, using a natural number. If no items are
present, it reports 0, a whole number.

We then consider integers (Z = {...,—2,—1,0,1,2,...}) which include both positive
and negative numbers. A robot navigating a grid might use negative integers to indicate
backward movement. For instance, moving —3 steps along the x-axis could represent turning
left.

Rational numbers (Q) are those that can be expressed as fractions, such as % or

=3 These are used when measurements or probabilities need to be represented precisely.

T
In contrast, irrational numbers like 7 and /2 cannot be written as fractions and have
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1. Numbers, Sets, and Logic

non-repeating decimal expansions. All these fit into the broader set of real numbers (R).
Finally, we have complex numbers (C), which are used in more advanced algorithms such
as signal processing in Al, where z = 2 4 3¢ might model a phase-shifted signal.

1.3 Sets and Set Notation

A set is a well-defined collection of distinct elements. Sets are fundamental in mathematics
and computer science because they offer a way to group data. They are denoted by curly
braces. For example, the set A = {2,4,6} contains three even numbers. The order of
elements does not matter, so {2,4,6} = {6,4,2}.

Basic set operations include the union (A U B), which combines all unique elements
from both sets. If A = {1,2} and B = {2,3}, then AU B = {1,2,3}. The intersection
(AN B) includes only elements common to both sets; for the same sets, AN B = {2}.

Set difference (A — B) includes elements in A not in B. So, A— B = {1}. We can also
compare sets using subset notation. If every element of A is in B, then A C B. Sets are
used extensively in Al to represent things like categories, labels, and features. For example,
in a classification task, the set of possible labels could be L = {cat, dog, bird}, and each data
point is assigned a label from this set.

1.4 Logic and Propositions

Logic provides the rules for reasoning. It allows us to build models that can simulate
decision-making and learning. A proposition is a statement that is either true or false. For
example, “It is raining” is a proposition—it can be verified as true or false.

Logical operations are used to combine propositions. The AND (A) operator returns
true if both statements are true. The OR (V) operator is true if at least one is true. The
NOT () operator inverts a truth value. For instance, if p: “The input is valid” and ¢: “The
output is correct”, then p A g is true only if both the input and output meet the criteria.

More complex logic involves implication (p = ¢) which reads as "if p, then ¢". This
is used in rule-based systems. For example, in a medical diagnostic Al, a rule might be: “If
the temperature is above 38°C, then the patient has a fever.” This form of logical structure
helps encode knowledge into Al programs.

We can evaluate these logical relationships using truth tables. For instance, the truth
table for p = ¢ shows that it is false only when p is true and ¢ is false. In Al, these
are foundational in systems that mimic human reasoning such as expert systems and logic
programming.

1.5 Applications in Al
These basic mathematical tools play important roles across the Al landscape. Numbers

are the backbone of all computations. For instance, when normalizing image pixel values,
we transform raw integers (0-255) into real numbers between 0 and 1. Sets are used in

16



Mathematical and Statistical Foundations of Al

machine learning for tasks like classification, where a model assigns a data point to one of
several predefined categories.

Consider a spam detection system. The system may have a set of known spam keywords
K = {free, win, prize}. If an incoming email contains any element from K, it may be flagged.
The logic behind this can be represented as: “If the subject contains a keyword from K, then
mark as spam.”

Another example is in decision trees, which rely on logical propositions to split data.
Each node in the tree uses a proposition, like “Is income > $50,0007” to determine which
branch to follow. Sets define the possible outcomes, and numbers are used to make the
comparisons.

These examples show that numbers, sets, and logic aren’t abstract concepts—they are
tools actively shaping the decision-making and learning capabilities of AI models.

Summary

In this chapter, we introduced the fundamental concepts of numbers, sets, and logic—core
ideas that underpin much of mathematics and AI. Numbers help represent and manipulate
data; sets allow us to group and compare elements; logic provides the structure for reasoning
and decision-making.

These concepts are the starting point for everything from machine learning algorithms
to database queries and intelligent agents. A strong foundation in these areas is essential for
anyone pursuing a deeper understanding of Al.

The journey into AI mathematics continues with topics such as algebra, calculus, and
probability—all of which build upon the ideas introduced here.
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Chapter 2

Arithmetic and Order of Operations

2.1 Introduction

Arithmetic is one of the earliest mathematical skills learned, forming the basis for more
advanced concepts such as algebra, calculus, and statistics. It focuses on performing oper-
ations like addition, subtraction, multiplication, and division with numerical values. These
operations are fundamental not only in mathematics but also in computing and artificial
intelligence, where calculations and number manipulations are routine.

Even though these operations appear simple, using them in real-world applications
requires precision. For example, adding up floating-point numbers in a computer program
can introduce rounding errors. Similarly, applying arithmetic to time series data, image pixel
values, or sensor readings must be done carefully to avoid incorrect results.

Understanding arithmetic deeply is essential when working with algorithms that rely
on precise computations. A simple misplacement of parentheses or misunderstanding of
operation precedence can lead to incorrect predictions in an Al model. Hence, a solid grasp
of these operations and their proper sequencing is crucial in all fields of applied mathematics
and machine learning.

2.2 Basic Arithmetic Operations

There are four basic arithmetic operations: addition, subtraction, multiplication, and di-
vision. These operations form the bedrock of mathematical expression and computation.
For instance, when training a machine learning model, one might need to add multiple loss
values, subtract a bias, multiply a weight, or divide by the number of samples to compute
an average.

Addition combines values: 745 = 12. In Al, addition is often used to accumulate errors
across multiple training samples. Subtraction removes quantities: 10 — 6 = 4. This is useful
when calculating the difference between predicted and actual values. Multiplication, such
as 4 x 3 = 12, is used in scaling values, especially in operations like dot products. Division,
such as 20 =+ 4 = 5, is frequently used to compute averages or normalize inputs.

These operations are embedded in nearly every algorithm. For example, in a neural
network, the weighted sum of inputs is calculated using multiplication and addition. Consider
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a neuron that takes three inputs x1 = 2, 9 = 3, and x3 = 1, with weights w; = 0.5, wy = 0.8,
and ws = —0.1. The output before activation is 2x 0.54+3x0.84+1x (—0.1) = 14+2.4-0.1 =
3.3.

2.3 Order of Operations

When evaluating expressions with multiple arithmetic operations, the order in which they
are performed affects the result. This standard sequence is often remembered using the
acronym PEMDAS, which stands for Parentheses, Exponents, Multiplication and Division
(left to right), Addition and Subtraction (left to right).

For example, consider the expression 4 + 6 x 2. If we do addition first, the result
is 10 x 2 = 20, which is incorrect. Following PEMDAS, we perform multiplication first:
6 x 2 =12, then add: 4+ 12 = 16. Another example: (44 6) =2 = 10+ 2 = 5, but without
parentheses, 4 + 6 -2 =4 + 3 = 7. Clearly, parentheses can dramatically alter outcomes.

In AT models, operation order affects computations like the application of activation
functions or the sequencing of layer outputs. If an expression such as a + b X ¢ is used in a
program for model computation, evaluating it improperly could yield significantly different
results. For instance, in regularization techniques like L2 loss, squaring the parameters before
summing is vital: (w;)? + (ws)?, not (w; + wsy)?.

2.4 Working with Negative Numbers

Negative numbers represent values below zero and often arise in temperature readings, loss
values, or model gradients. Handling negative numbers correctly is important in many Al
contexts such as optimization and error calculation. A common mistake is misunderstanding
how operations with negatives behave.

For instance, subtracting a negative number increases the result: 6 — (—3) = 9. Mul-
tiplying two negatives gives a positive: (—4) x (—2) = 8, while a negative and a positive
yield a negative: 5 x (—3) = —15. These rules apply universally, including in programming
languages and numerical computing libraries.

Imagine a gradient descent update: w = w —n - VL, where w = 0.5, n = 0.1, and
VL = —2.0. The update becomes w = 0.5 — 0.1 x (—2.0) = 0.5+ 0.2 = 0.7. Failing to
correctly handle the negative gradient would lead to an incorrect direction of update, making
the learning process ineffective.

2.5 Applications in Al

Arithmetic operations are foundational in Al workflows. From calculating basic statistics to
powering complex neural network computations, these operations form the invisible infras-
tructure of every intelligent system. Consider a classification task: the accuracy is calculated
using the formula

Correct Predictions

Total Predictions

Accuracy =
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If a model made 90 correct predictions out of 100, then % = 0.9, or 90

Loss functions also depend heavily on arithmetic. Mean Squared Error (MSE), a com-
mon loss function for regression tasks, is defined as:

n

1 NV
MSE = n Z(yz — ¥i)

=1

Here, subtraction calculates the error, squaring amplifies large errors, and division computes
the average. Each of these steps involves basic arithmetic.

Matrix operations, which are at the core of deep learning, involve thousands or millions
of arithmetic operations per layer. For example, multiplying a weight matrix with an input
vector in a fully connected layer is nothing more than a collection of multiplications and
additions executed efficiently.

2.6 Practice Problems
1. Solve: 8 +2 x (34 1)?
2. Evaluate: (5 —3)?+6 + 3

3. Identify the error in calculating: 10 —2 x3+1=15

Summary

This chapter provided a deeper understanding of the essential arithmetic operations and the
rules that guide their order. These skills, while fundamental, are indispensable for higher-
level mathematical reasoning and Al development. By mastering arithmetic, one builds a
strong base for studying algebra, calculus, and linear algebra—each of which will play a
pivotal role in machine learning and Al
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Chapter 3

Fractions, Decimals, and Percents

3.1 Introduction

Fractions, decimals, and percents are three essential ways of representing parts of a whole.
While they are often taught as basic arithmetic concepts, their role in data science and arti-
ficial intelligence (Al) is far from elementary. Whether describing model accuracy, dividing
datasets, or tuning hyperparameters, understanding how to work with these formats is vital.

These three representations are interchangeable but serve different purposes depending
on the context. For example, a fraction like % might represent a training-validation split in
a machine learning pipeline, while the equivalent decimal 0.75 could be used in a Python
script to assign weights. Percentages, on the other hand, are more intuitive for human
interpretation—saying “75% accuracy” is more accessible than “0.75 accuracy.”

Al practitioners must fluently convert between these formats, ensuring data consistency
and clear communication. Misunderstandings in this area can lead to significant errors in
algorithm design or evaluation metrics.

3.2 Understanding Fractions

A fraction represents a portion of a whole using two integers: the numerator and the denom-
inator. The numerator tells us how many parts we have, while the denominator tells us into
how many equal parts the whole is divided. For instance, in the fraction %, there are 2 parts
taken out of a possible 5. This format is common in data labeling, such as representing that
2 out of 5 samples are mislabeled.

There are several types of fractions. Proper fractions have numerators smaller than
denominators, like %. Improper fractions have numerators equal to or larger than denomina-
tors, such as %, which could represent overfitting in model evaluation where test loss exceeds
training loss. Mixed numbers, like 1%, are combinations of whole numbers and proper frac-
tions—useful in scenarios where datasets contain both integer and fractional parts, such as
1.5 million records.

Fractions are also foundational in expressing probabilities in their raw form. If an
algorithm correctly classifies 7 out of 10 test images, the raw probability is %. This format
is particularly helpful in small-sample situations or in Bayesian calculations, where reasoning
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is often more intuitive with fractional representations than decimals.

3.2.1 Operations with Fractions

Adding or subtracting fractions requires finding a common denominator. For example, to
add i and %, we convert them to 1—32 and %, respectively, yielding 15—2 This is essential when
aggregating evaluation metrics from multiple models with different sample sizes.
Multiplication is more straightforward: we multiply the numerators and denominators
directly. For example, 2 x 2 = &, which simplifies to 2. Such operations are useful in
computing probabilities of joint events in naive Bayes classifiers.
For division, we multiply the first fraction by the reciprocal of the second. Dividing %
3 _ 12 _ 6

by % gives ‘—; X 5 = 17 = ». This method is common in updating weights during iterative

training when adjusting for proportions of wrongly classified samples.

3.3 Understanding Decimals

Decimals provide an alternative way to express fractions, often making calculations more
convenient, especially in programming. A decimal like 0.75 is equivalent to % and may be
more suitable when inputting numerical values into software. Decimals are essential in Al
pipelines, particularly in floating-point arithmetic and matrix operations.

Every digit in a decimal has a place value. For instance, in 0.326, the digit 3 is in
the tenths place, 2 in the hundredths, and 6 in the thousandths. This breakdown becomes
critical in precision-sensitive applications like loss function minimization or gradient descent,
where minor differences in decimal values can impact convergence.

To convert fractions to decimals, we divide the numerator by the denominator. For
example, g = 0.625, which is often used in data normalization. Similarly, 1—70 = 0.7 and
% = 0.333... (a repeating decimal). These conversions are frequently used in preprocessing

steps such as scaling features between 0 and 1.

3.3.1 Floating-Point Considerations

In computing, decimals are represented as floating-point numbers. While easy to use,
floating-point arithmetic can introduce errors due to limited precision. For instance, 0.1
+ 0.2 may not exactly equal 0.3 in some programming languages. This is critical when
designing Al algorithms that depend on numerical stability.

Machine learning libraries like TensorFlow and PyTorch use specific data types like
‘float32¢ or ‘float64‘ to manage precision. Understanding how decimals behave at this level
helps prevent bugs and inconsistencies. For example, when comparing values such as model
loss = 0.000001, it’s important to use thresholds rather than exact comparisons.

Moreover, rounding rules impact how decimals are handled. A loss value of 0.6667 might
be rounded to 0.667, but even small rounding can affect accuracy metrics when evaluating
high-performance models. Being careful with decimal precision is necessary for reproducible
and interpretable results.
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3.4 Understanding Percents

A percent represents a number out of 100. It is one of the most intuitive ways to express
proportions. For example, saying a model has 92% accuracy is often more meaningful to
end users than stating 0.92 or % In Al reporting, percentages dominate user interfaces and
performance summaries.

To convert a fraction to a percent, multiply by 100. For example, % x 100 = 60%. This
makes it easy to describe dataset splits, such as training on 80% of the data and validating
on 20%. Similarly, converting a decimal like 0.85 to a percent involves moving the decimal
two places right: 85%.

To go from percent back to decimal, reverse the process: divide by 100. So, 47% becomes
0.47. These back-and-forth conversions are common in hyperparameter tuning when dealing
with dropout rates (e.g., setting a dropout of 25% = 0.25).

3.4.1 Applications in Reporting

Percentages are everywhere in AI—from accuracy and precision to recall and Fl-scores.
Consider a model with 0.88 precision and 0.91 recall. Reporting these as 88% and 91%
improves readability. Likewise, confusion matrix metrics like false positive rate and true
negative rate are often more digestible when shown in percent format.

Consider a classification task where 900 out of 1,000 samples are correctly predicted.
Rather than reporting % or 0.9, we often use 90%. This format is also used in dashboards,
evaluation logs, and visualizations like ROC curves, where a 95% area under the curve is
more impactful than 0.95.

When interpreting training results, metrics like "loss decreased by 12%" over 10 epochs
can offer intuitive understanding, especially when comparing models. Therefore, fluency in

percent math helps bridge the gap between technical analysis and interpretability.

3.5 Applications in Al

In AI systems, these numeric formats play key roles in every stage of the pipeline. During
training, loss values are calculated as decimals, such as 0.024. During evaluation, accuracy
might be reported as 92.3%, even though it is calculated as % = 0.923. Such conversions
are routine and must be understood to interpret results correctly.

In probabilistic models like Naive Bayes or logistic regression, outputs are typically
decimals (e.g., 0.87 probability of a class). However, in user-facing applications, these are
often displayed as 87% for clarity. For example, an Al assistant predicting that a sentence
is positive sentiment with 82.6% confidence is using percent representation for better UX.

Fractions appear in data splitting, like a 3:1 ratio for training to validation data. In
ensemble methods, weight distributions between models can be specified as fractions or
decimals (e.g., % weight per model). Clear understanding of these representations ensures

robust and interpretable Al solutions.
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Summary

Fractions, decimals, and percents are deeply connected ways to represent parts of a whole.
In AI, these representations appear in model evaluation, training configurations, and perfor-
mance reporting. A strong grasp of how to manipulate and convert among them supports
clear thinking, accurate calculations, and trustworthy results. Mastery of these formats is
an essential foundation for more advanced mathematical and Al concepts.
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Chapter 4

Ratios and Proportions

4.1 Introduction

Ratios and proportions are essential tools in understanding the relationship between quanti-
ties. They form the basis for comparing values and interpreting data, making them critical
in mathematical reasoning and Al applications. Whether adjusting a model’s parameters or
normalizing input data, understanding how one quantity relates to another is foundational.

In AT and machine learning, we often work with datasets composed of features that vary
in scale. To ensure fair contribution during training, these features are scaled proportion-
ally—this is an application of ratios. Similarly, when evaluating performance, ratios such as
precision, recall, and the Fl-score depend on proportions within the confusion matrix.

For example, if a dataset has 120 samples and 30 of them belong to a minority class, the
class ratio is 30 : 90 or 1 : 3. Recognizing and addressing such imbalances ensures models
don’t become biased. Thus, a strong grasp of ratios and proportions supports ethical and
effective Al system development.

4.2 Understanding Ratios

A ratio compares two quantities and shows how many times one value contains or is contained
a

within the other. It is commonly written as a : b or §. For instance, if a dataset has 60
images of cats and 40 images of dogs, the ratio of cats to dogs is 60 : 40, which simplifies to
3:2.

Understanding ratios helps in scenarios like data augmentation, where certain classes
might be underrepresented. Suppose an Al model trained on 300 positive samples and 100
negative samples. The ratio 300 : 100 simplifies to 3 : 1, indicating a 3-times stronger
representation of the positive class. This could lead to skewed predictions if not handled
correctly.

Consider another case where a computer vision model processes 2000 images, with 500
labeled as "defective." The ratio of defective to total images is 500 : 2000, or 1 : 4. This
tells us that 25% of the data involves defects, which could be useful for anomaly detection

models or imbalanced training strategies.
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4.2.1 Simplifying Ratios

Simplifying ratios means reducing the terms of the ratio by dividing both numbers by their
greatest common divisor (GCD). For example, the ratio 20 : 30 can be simplified by divid-
ing both by 10, yielding 2 : 3. Simplification makes it easier to compare and understand
relationships.

Suppose we have 120 input features and only 60 are selected during feature selection.
The raw ratio is 120 : 60, which simplifies to 2 : 1, indicating two features were removed
for every one kept. Simplifying this ratio allows for quicker comprehension of the model’s
sparsity.

In a recommendation system, assume that 90 out of 150 users prefer action movies. The
user preference ratio is 90 : 150, simplifying to 3 : 5. This tells us that for every 8 users, 3
prefer action movies—insightful for content distribution strategies.

4.2.2 Equivalent Ratios

Two ratios are equivalent if they express the same relationship. For example, 2 : 3 is
2 4

equivalent to 4 : 6 because ; = 5. This concept is helpful when scaling up datasets or
comparing models trained on different scales.

In data preprocessing, if we normalize a vector [2, 4, 6] to [1, 2, 3], the ratio of the elements
remains consistent: 2:4:6 =1:2:3. Maintaining equivalent ratios during normalization
is crucial for preserving underlying patterns.

Another instance involves data partitioning. If we split data with a 2 : 1 ratio into
train and test sets, we could use either 100:50 or 200:100 as long as the relative proportion
remains the same. Maintaining equivalent ratios ensures consistent evaluation metrics across

experiments.

4.3 Understanding Proportions

A proportion states that two ratios are equal. Mathematically, this is written as:

This relationship allows us to find unknown values or scale quantities appropriately, using
cross-multiplication: a-d =1b- c.

In practice, if a machine learning algorithm is trained on 300 images and achieves 90%
accuracy, then for 600 images, assuming proportional performance, the model could correctly
classify % x 600 = 540 images. This use of proportion assumes that performance scales
linearly.

Proportions also arise in image scaling. If an original image is 300 x 200 pixels and is
resized to maintain the same proportion but a width of 150, then the height is found by

solving:
300 150
— = — = 3002z = 150 - 200 = = = 100
200 x
Thus, the resized image maintains the original aspect ratio of 3 : 2.
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4.3.1 Solving Proportions

Solving a proportion means finding a missing value. The technique of cross-multiplication is
commonly used. If:

Then:
4.-10=5x=40=5x =2 =28

Consider adjusting a learning rate. If an initial configuration uses a learning rate of 0.01
for a batch size of 64, and we double the batch size to 128, a proportional adjustment could
yield:

0.01 x

U — 0.02
64 103 ¢~ 00

Thus, we can scale the learning rate to maintain similar update magnitudes.
In another case, if a classification model’s confusion matrix shows 80 true positives out
of 100 total predictions, and we want to estimate performance on a 500-sample test set, we

solve: <0
A
- =4
100~ 500 L= 40

So, we expect 400 correct predictions if the model maintains its performance.

4.4 Applications in Al

Ratios and proportions are indispensable across AI workflows. In feature scaling, values
like pixel intensities or numerical attributes are normalized to ensure equal contribution to
the model. For example, a pixel intensity ratio 128 : 255 simplifies to 1 : 2, indicating
mid-level brightness.

In probability modeling, proportions describe likelihoods. If 20 out of 100 spam
emails are correctly detected, the model’s precision is % = 0.2. Understanding this propor-
tion is essential for improving model performance through tuning or data rebalancing.

During model training, data is often split into training and validation sets using
common proportions like 80:20 or 70:30. These ratios directly affect learning efficiency and
generalization. Similarly, in gradient descent, learning rate adjustments can be made
proportionally to ensure stable convergence.

In AI fairness auditing, proportions help detect bias. If a classifier predicts “approved”
for 70% of male applicants and only 40% of female applicants, the ratio Z—g = 1.75 may
indicate disparity. Identifying and addressing such proportional imbalances ensures ethical

AL

4.5 Practice Problems
1. Simplify the ratio: 18 : 24

2. Solve for z: 2 =19
T 12
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3. A dataset contains 80 positive and 20 negative samples. What is the ratio of positive
to total samples?

Summary

Ratios and proportions express how quantities relate to one another, and they are pivotal
in AI for data preparation, evaluation, and model configuration. By simplifying and solving
these relationships, we gain insights into patterns and performance. In model tuning, feature
scaling, and fairness assessment, the ability to work fluently with ratios and proportions
enhances both the accuracy and responsibility of Al solutions.
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Chapter 5

Basic Algebra and Equations

5.1 Introduction

Algebra is one of the most essential branches of mathematics that helps us understand
patterns and relationships between quantities. At its core, algebra introduces variables
to represent unknown values and uses symbols to construct mathematical expressions and
equations. These tools allow us to model, analyze, and solve real-world problems effectively.

In the context of artificial intelligence (AI), algebra is a foundational skill. Whether
we're building predictive models, optimizing cost functions, or representing logical relation-
ships, algebraic thinking underlies every step. Equations help define constraints, rules, and
transformations of data, all of which are vital in machine learning, computer vision, and
natural language processing.

Throughout this chapter, we will explore the core principles of algebraic manipulation,
solving equations, and understanding relationships between variables. These skills will pre-
pare you to tackle more advanced topics such as calculus, linear algebra, and probability
theory, which are central to Al algorithms and systems.

5.2 Variables and Expressions

Variables are placeholders used to represent unknown or changeable values. They are usually
denoted by letters such as z, y, or z. An algebraic expression is a combination of variables,
constants, and operations like addition, subtraction, multiplication, and division.

For example, in the expression 4z + 7, the variable x could represent anything — a
number of data points, a score, or a probability. Suppose z = 3, then 4x+7 =4 x3+7 = 19.
This form of substitution is common in coding Al algorithms where parameters are updated
iteratively.

Another typical expression is 2a? — 5a + 6, which involves powers of a variable. If a = 2,
we calculate 2-22 —5-24 6 = 8 — 10 + 6 = 4. Manipulating such expressions is routine in
defining polynomial features or kernel functions in machine learning.

A third example is simplifying z(x + 2). Distributing gives x* + 2z, a quadratic expres-
sion. Such simplifications appear when expanding neural network weights or rewriting cost
functions for optimization purposes.
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5.3 Solving Linear Equations

Linear equations are equations of the form ax 4+ b = 0, where a and b are constants. Solving
these involves isolating the variable. For instance, solving 3x — 6 = 0 gives x = 2. This is
the foundation for many predictive modeling techniques.

Take the equation 5z +10 = 3x —2. Subtracting 3z from both sides yields 2z 410 = —2,
and then subtracting 10 gives 2z = —12, so x = —6. This simple procedure mimics how we
isolate parameters during gradient descent in Al models.

In another case, if you have 7z = 21, divide both sides by 7 to get = 3. Solving such
equations mirrors computing optimal weights in linear regression, where each coefficient is
derived from similar linear transformations.

5.4 Systems of Linear Equations

Systems of equations involve more than one linear equation and multiple variables. Solving
them reveals the values of unknowns that satisfy all equations simultaneously. Consider the

system:
r+y=>
2v—y=1
We can solve this using substitution or elimination. Adding both equations gives 3x = 6 =

r = 2, and substituting into the first equation yields y = 3.
Another system:

3z +4y =10
r—y=1
We solve the second equation for x = y + 1 and substitute into the first: 3(y + 1) + 4y =

10=3y+3+4y=10=Ty=7=y =1, then x = 2.
A third example involves graphing:

y=2xr-+1

y=—cv+4
These lines intersect at the solution point. By solving algebraically: 2z +1 = -2+ 4 =
3r=3=x=1, then y = 3.

Systems of equations are heavily used in Al for solving constraints in optimization
problems or for determining model parameters in multivariable scenarios.

5.5 Quadratic Equations

Quadratic equations have the general form az? + bz + ¢ = 0, and they describe parabolas.
Solutions are given by the quadratic formula:

b= Vb? — 4dac

2a

X
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Take 2% — 5z + 6 = 0. Plugging into the formula gives:

5+y25-24  5+1

5 5 =z =3o0r2

T

Another example: 222 + 42 — 6 = 0. We apply the formula:

 —4+£16+48  —44+/64 —4+38
N 4 N 4 4

T =x=1,-3

In 2% 422 +5 = 0, the discriminant is negative (4 —20 = —16), leading to complex roots.
These often arise in signal processing, where such equations describe frequency components
in neural networks.

Quadratics appear in optimization, where the cost function is quadratic and the mini-
mum is found using calculus or matrix algebra — central in least-squares regression.

5.6 Applications in Al

Algebra is foundational in many areas of Al. For example, linear regression, a basic machine
learning model, is governed by an algebraic equation of the form y = ma + b. This model is
used to predict outcomes such as housing prices, temperature, or stock trends.

In natural language processing, token embeddings are vectors whose components are de-
fined through algebraic transformations. Consider word embedding matrices where each row
represents a word — linear algebra and algebraic structures allow us to compute similarity
and analogy (e.g., “king - man + woman = queen”).

Feature engineering — the process of transforming raw data into meaningful input —
often involves algebraic transformations such as scaling (' = *>), encoding categorical
variables, or computing interaction terms (z1xs).

Another example is solving constraint optimization problems in reinforcement learning.
Suppose an agent must maximize reward R = 3a + 2b subject to a + b < 5. This is a linear
optimization problem formulated and solved using algebra.

5.7 Practice Problems

1. Solve for z: bx —3 =22 +9

2. Solve the system of equations:

3+ 4y =12
r—2y=1

3. Find the roots of the quadratic equation: z? —4x +3 =0
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Summary

In this chapter, we reviewed the core concepts of algebra including variables, expressions,
linear equations, systems of equations, and quadratic equations. These tools are not only
foundational in mathematics but also critical in building and understanding AI models.
Whether it’s solving for optimal weights, modeling relationships between variables, or defin-
ing mathematical objectives, algebra plays an essential role throughout the Al pipeline.
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Chapter 6

Functions and Graphs

6.1 Introduction

Functions are one of the most fundamental concepts in mathematics. A function describes
a specific relationship between an input and an output such that each input is mapped to
exactly one output. This mapping provides a powerful way to represent patterns, trends, or
any kind of dependency between variables. In AI, functions are used extensively to describe
how input data is transformed and processed.

For instance, when predicting house prices, the relationship between features like area,
number of rooms, and location can be described by a function that maps these features to
the predicted price. If f(x) = 3z + 2, and x represents the size of the house in hundreds of
square meters, then f(x) gives a simplified model of the price in thousands of dollars. This
simple function helps illustrate how variables can relate to one another linearly.

Functions appear in many forms: linear functions are straightforward and predictable,
while nonlinear functions introduce curves, growth patterns, or oscillations. In AI, these
forms become useful for creating and understanding complex models. For example, a sig-
moid function is used in neural networks to squash outputs between 0 and 1, making them
interpretable as probabilities.

6.2 Definition of a Function

A function f from a set X (called the domain) to a set Y (called the codomain) is a rule
that assigns to each element x € X exactly one element y € Y, written as:

y = f(x)

This definition ensures a deterministic relationship between = and y. For example, if f(z) =
22, then for any real number input x, the output is simply the square of that number.

Not all relationships are functions. For example, the equation 2% + y?> = 1 describes
a circle, which does not pass the vertical line test—there can be more than one y for a
given z. This distinction is important when defining mathematical models for Al, where
predictability is key.
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In AI, functions often represent models where the input is a feature vector and the
output is a predicted value. For instance, in logistic regression, we define a function f(x) =
H%, known as the sigmoid function, which maps any real-valued input into the (0,1)
interval—perfect for binary classification tasks.

6.3 Types of Functions

There are various types of functions that describe different behaviors. A linear function
like f(x) = 2x+ 3 shows a constant rate of change and graphs as a straight line. For instance,
if you're increasing the number of units produced, and the cost increases at a fixed rate per
unit, this situation is modeled by a linear function.

Quadratic functions, such as f(z) = 2? — 4z + 5, involve squared terms and create
parabolic curves. These are useful when modeling scenarios with minima or maxima, like
cost minimization in operations research. For example, the function might represent how
the cost of production changes depending on the number of units made.

Exponential functions, like f(x) = 2%, grow rapidly and are commonly used in Al to
describe learning rates or to model population growth in simulations. In a neural network,
weights can change exponentially during gradient updates depending on learning rates and
loss gradients.

Logarithmic functions, such as f(z) = log(z), grow slowly and are the inverse of
exponentials. They are useful in Al for dealing with data that spans several orders of
magnitude, like in information theory, where entropy is measured using logarithms.

Trigonometric functions like sin(x), cos(x), and tan(x) model periodic behavior.
These are especially helpful in signal processing tasks, such as detecting patterns in time
series data, where cyclical trends appear regularly.

6.4 Graphing Functions

The graph of a function gives a visual understanding of its behavior. Key features of graphs
include intercepts, where the graph crosses the axes. For example, the function f(z) = x—2
intersects the y-axis at y = —2, and the x-axis at x = 2.

Another important concept is the slope, especially for linear functions. The slope of
f(z) =2z + 1 is 2, indicating the function increases by 2 for every increase of 1 in z. This
kind of insight is useful in regression models where understanding how one variable changes
in relation to another is crucial.

Quadratic functions introduce features like a vertex, which is the highest or lowest
point of a parabola. For example, in f(x) = 2? — 4z + 3, completing the square helps find
the vertex at © = 2, y = —1. In Al, this might be interpreted as the optimal point in a cost
function graph where the loss is minimized.

Some functions exhibit asymptotic behavior. For instance, the function f(z) = %
has a vertical asymptote at z = 0, and a horizontal one at y = 0. These ideas become
important when evaluating model behavior near the extremes, such as in learning curves or
convergence behavior of algorithms.
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6.5 Function Transformations

Function transformations allow us to manipulate the appearance of graphs. Shifting a graph
horizontally involves changing the input: f(z) — f(x — h), while vertical shifts involve
changing the output: f(z) — f(x) + k. For example, f(x) = (x — 2)? + 3 shifts the basic x?
graph right by 2 units and up by 3.

Scaling functions also helps in adjusting their steepness. Multiplying by a factor greater
than 1 stretches the graph, while a factor between 0 and 1 compresses it. For instance,
f(x) = 0.52% makes a parabola that opens wide, indicating slower growth than z.

Reflections are used to flip graphs. If we define f(z) = —2?2, the graph flips vertically,
turning a "smile" parabola into a "frown". In Al, transformations are often used in prepro-
cessing data or adapting activation functions. For example, adjusting the slope of a sigmoid
or applying a leaky ReLU involves transformations of base functions.

Transformation properties help visualize data normalization, model scaling, or how small
parameter changes affect output behaviors. This is especially useful in feature engineering,
where transforming features using log, square, or exponential functions can make data more
model-friendly.

6.6 Applications in Al

In AI, functions are at the heart of modeling. Activation functions like the sigmoid,
ReLU, and tanh are essential in neural networks. They define how neurons activate and
help models learn nonlinear relationships. For instance, f(z) = max(0, x) defines the ReL.U,
which introduces nonlinearity without saturation issues.

Loss functions, such as mean squared error f(z,y) = (z — y)?, are also functions that
quantify how far a model’s prediction is from the actual value. Optimizing these functions
improves model performance. Graphing loss functions can help understand whether training
is converging or stuck in local minima.

Probability density functions (PDFs) help in probabilistic models like Naive Bayes,

N G

where the function f(z) = —==e 22 models data distribution. Understanding these

helps in evaluating data likelihoods and uncertainties in prediction.

Graphs help visually debug models. For instance, plotting an activation function shows
if outputs are saturating or dying out, while graphing a loss curve over time reveals learn-
ing issues. This visualization is crucial in deep learning, reinforcement learning, and even
transformer-based models.
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Chapter 7

Basic Algebraic Manipulations

7.1 Introduction

Algebra is the branch of mathematics that deals with symbols and the rules for manipulating
those symbols. It allows us to represent general relationships between quantities and provides
powerful tools for solving problems involving unknown values. In the context of Al, algebraic
manipulations help us formulate mathematical models, manipulate data expressions, and
simplify complex calculations essential for machine learning algorithms.

Mastering algebraic manipulation involves understanding how to work with expressions,
equations, and inequalities in ways that maintain their equality or inequality while simpli-
fying or rearranging terms. This chapter builds a strong foundation by covering algebraic
expressions, simplification techniques, solving equations, factoring, and inequalities—all cru-
cial skills for Al practitioners.

Throughout this chapter, you will encounter examples that illustrate these concepts in a
step-by-step manner. These examples will range from simple numeric problems to practical
scenarios reflecting data manipulation and model formulation in Al systems.

7.2 Algebraic Expressions

An algebraic expression is a combination of variables, constants, and arithmetic operations
such as addition, subtraction, multiplication, and division. Expressions are the basic building
blocks of algebra and are used to represent mathematical ideas succinctly. For example, the
expression 3x + 2y — 5 represents a value dependent on two variables, x and y, where each
term contributes differently based on the variable’s value.

Simplifying expressions involves combining like terms, which are terms that have the
same variables raised to the same powers. For instance, in the expression 4x + 3x — 2y, the
terms 4z and 3x can be combined to get 7x — 2y. This process reduces the expression to a
simpler form without changing its value.

Another important aspect of working with expressions is understanding how to apply
the distributive property. This allows you to multiply a single term across terms inside
parentheses. For example, 2(x + 5) = 2x + 10. Distributive property is often used to
eliminate parentheses and make expressions easier to work with. In A, algebraic expressions
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are frequently used to represent weighted sums in neural networks or cost functions.

7.3 Simplifying Expressions

Simplifying algebraic expressions is fundamental for making complex formulas easier to un-
derstand and compute. The first step is to identify and combine like terms, which share the
same variable components. For example, consider the expression b5a + 3b — 2a + 4. Here, 5a
and —2a are like terms and can be combined to 3a, resulting in the simplified form 3a+3b+4.

Next, applying the distributive property helps remove parentheses by distributing mul-
tiplication over addition or subtraction inside the parentheses. For instance, 3(2x — 4) =
6z — 12. This step is crucial because many algebraic expressions contain grouped terms that
need to be expanded before simplification.

Finally, expressions can sometimes be simplified by factoring common terms out or
rewriting powers and roots. For example, 22 + 2z can be factored as z(z + 2), which is
simpler for certain calculations like evaluating zeros or integrating. In machine learning,
simplification of expressions often leads to more efficient computations during model training.

7.4 Solving Equations

Equations are mathematical statements asserting that two expressions are equal. The goal
of solving an equation is to find the value(s) of the variable(s) that make this statement
true. For example, solving 3z + 5 = 14 means finding x such that both sides equal the same
number.

The key principle when solving equations is maintaining equality. Whatever operation
you do to one side of the equation, you must do to the other side. For example, subtracting
5 from both sides of 3x + 5 = 14 gives 3x = 9. Then dividing both sides by 3 yields x = 3.

Equations can be more complex, involving multiple variables or powers. For example,
solving 2(z — 4) = 3x + 2 requires expanding and rearranging terms: 2x — 8 = 3z + 2,
then moving terms to isolate x. Solutions to equations form the backbone of many Al
techniques, such as parameter estimation in regression models and determining weights in
neural networks.

7.5 Factoring

Factoring is the process of rewriting an expression as a product of simpler expressions. It is
especially useful for solving quadratic equations and simplifying expressions. For example,
the expression z2 + 5z + 6 can be factored into (x + 2)(x + 3). Factoring helps identify the
roots of equations and simplifies integration and differentiation tasks.

One common factoring technique is extracting the greatest common factor (GCF). For
instance, in 623+9x2, the GCF is 322, so factoring yields 32%(2z+3). This reduces complexity
and highlights shared structure.

Another useful factoring pattern is the difference of squares: a*—b*> = (a—b)(a+b). For
example, 22 — 9 = (z — 3)(x + 3). Factoring plays a role in Al when simplifying polynomial
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kernel functions in support vector machines or manipulating algebraic expressions in symbolic
ATl systems.

7.6 Working with Inequalities

Inequalities express the relative size or order of two values or expressions using symbols like
<, >, <, or >. For example, x+3 > 7 states that x4 3 is greater than 7. Solving inequalities
involves similar steps to solving equations but with attention to the inequality direction.

One important rule is that multiplying or dividing both sides of an inequality by a
negative number reverses the inequality sign. For example, if —2x > 6, dividing by —2 flips
the sign: x < —3. This rule ensures the solution set remains correct.

Inequalities are fundamental in Al for defining constraints in optimization problems
and decision boundaries in classification tasks. For example, a linear classifier may define a
decision boundary by an inequality like w - x + b > 0, which separates different classes.

7.7 Applications in Al

Algebraic manipulation underpins many AI techniques, enabling model formulation, data
preprocessing, and algorithm optimization. For instance, in linear regression, the model’s
prediction is an algebraic expression combining input features and weights: y = wixy +
weTo + -+ - + b. Simplifying these expressions is critical for efficient computation.

Factoring and solving equations appear in training algorithms, such as least squares
regression, where solving a system of equations finds the best-fitting weights. Similarly,
inequalities define constraints in optimization problems, like ensuring parameters stay within
valid ranges during training.

Moreover, algebraic expressions describe activation functions in neural networks, cost
functions, and update rules. Understanding how to manipulate and simplify these expres-
sions allows practitioners to derive gradients, optimize parameters, and design more effective
models.

7.8 Practice Problems

1. Simplify the expression 4z + 3z — 5 + 2. (Combine like terms.)
2. Solve for x in the equation 2(x — 3) = 10. (Apply distributive property and isolate x.)
3. Factor the expression 2 — 9. (Use difference of squares.)

4. Solve the inequality 5z — 4 < 16. (Isolate = and consider inequality direction.)

Summary

This chapter developed a solid foundation in algebraic manipulations, including expressions,
simplifications, equations, factoring, and inequalities. These skills are vital in Al for con-
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structing, simplifying, and solving mathematical models that represent real-world problems.
By practicing these concepts, you gain tools necessary for deeper engagement with machine
learning algorithms and data-driven computations.
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Chapter 8

Coordinate Systems and Graphs

8.1 Introduction

Coordinate systems allow us to represent numbers, shapes, and functions visually. By plac-
ing points on a plane, we can better understand mathematical relationships and geometric
transformations. The most commonly used system in elementary and advanced mathematics
is the Cartesian coordinate system, where each point is defined by a pair of numerical values.

Understanding coordinate systems is essential in many fields, especially artificial intelli-
gence (AI), where visualizing and mapping data helps us make predictions, analyze behavior,
and transform inputs. Whether it’s plotting data points in machine learning or defining pixel
locations in computer vision, coordinates provide a natural way to organize and interpret
information.

For example, plotting the locations of cities on a map requires assigning coordinates to
each location. If we define Sydney at (0, 0), then another city located 300 km north and
400 km east of Sydney could be plotted at (400, 300) in a two-dimensional coordinate grid.
This basic concept extends naturally into more complex AI applications.

8.2 The Cartesian Plane

The Cartesian coordinate system consists of two perpendicular number lines: the horizontal
axis (z-axis) and the vertical axis (y-axis). The point where these axes intersect is called
the origin and has coordinates (0, 0). Every point on the plane can be described using an
ordered pair (z,y), where x is the horizontal distance and y is the vertical distance from the
origin.

For example, the point (3, 2) lies 3 units to the right of the origin and 2 units up.
Similarly, the point (-2, -5) lies 2 units to the left and 5 units down from the origin. These
coordinates make it easy to describe spatial relationships and identify patterns.

The plane is divided into four quadrants:

e Quadrant I: x > 0,y > 0
e Quadrant II: x <0,y >0
e Quadrant III: z < 0, y <0
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e Quadrant IV: z >0,y <0

For instance, the point (-3, 4) lies in Quadrant II, while (2, -1) lies in Quadrant IV. Under-
standing quadrants is essential when graphing functions or interpreting data.

8.3 Plotting Points and Distance

To graph points, we mark the horizontal xz-value and then move vertically to the y-value.
This plotting technique is key to visualizing relationships between variables. Suppose we
have the points (2, 3), (4, 5), and (6, 7); plotting them shows a linear pattern, indicating a
positive correlation between x and y.

We can also compute the distance between two points using the distance formula:

d=/(xs = 21)? + (42 — 1)’
For example, the distance between points (1, 2) and (4, 6) is:
d=+v(A-12+(6-22=v/9+16=v25=5

This formula is derived from the Pythagorean theorem and is widely used in Al for computing
Euclidean distances between feature vectors.
Another application is the midpoint formula, used to find the point halfway between

two coordinates:
M= ($1+$2 y1+y2)

2 72
If we take points (2, 4) and (6, 8), the midpoint is:
246 4+8
M= (22270 (46
(25552) o

This concept is useful when clustering data or averaging coordinates in geometric problems.

8.4 Graphs of Equations

Equations can be represented graphically by plotting their solutions. A linear equation such
as y = 2x + 1 describes a straight line. To draw the graph, we can choose several x-values
(e.g., -1, 0, 1, 2) and compute the corresponding y-values. For example:

r=-1=y=2(-1)+1=-1
r=0=y=20)+1=1
r=1=y=2(1)+1=3
Plotting these points and connecting them yields the graph of the function.

More complex equations such as y = 2 result in parabolic curves. For example, choosing
x=-2,—1,0,1,2 gives the points (4,1,0,1,4), showing the symmetric shape of a parabola
opening upward.

Graphing equations helps us visually interpret solutions, spot trends, and diagnose

relationships in data. In Al, visualizing model predictions versus actual outcomes often
relies on plotting data in coordinate systems to measure performance.
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8.5 Coordinate Geometry

Coordinate geometry (also called analytic geometry) involves using algebraic formulas to
solve geometric problems. The slope of a line between two points (x1,71) and (xs,ys) is
calculated by:

Y2 — U
m =
Ty — X1
This slope indicates the steepness and direction of the line. For instance, the line between
(1, 2) and (4, 6) has:
6-2 4
m = — = —
4—-1 3
Lines with the same slope are parallel. If two lines have slopes that are negative recip-
rocals, they are perpendicular. For example, if one line has a slope of 2, a line perpendicular
to it will have a slope of -1/2.

We can also find the equation of a line given a point and a slope using point-slope form:
y—y1=m(z— 1)
Using point (3, 4) and slope 2, we have:
y—4=2r-3)=y=2r—-2

This equation can then be graphed to show the relationship it models.

8.6 Applications in Al

Coordinate systems and graphs play a vital role in artificial intelligence. In machine learning,
data is often represented in multi-dimensional coordinate space. Each feature corresponds
to an axis, and each data point represents a vector in that space. For instance, classifying
handwritten digits in the MNIST dataset involves representing each image as a point in a
784-dimensional space.

Graphing helps in visualizing decision boundaries of classifiers. For a linear classifier
like logistic regression, the boundary between classes is a straight line (or hyperplane in
higher dimensions). Visualizing this line in 2D makes it easier to understand how the model
separates classes.

In computer vision, images are stored as matrices of pixel coordinates. Every pixel has
an x- and y-location, and its intensity or color value. Operations such as edge detection,
image transformation, and convolution rely on manipulating coordinates systematically.

Another application involves dimensionality reduction techniques like PCA (Principal
Component Analysis), which project high-dimensional data into 2D or 3D coordinate space
for visualization and clustering. These projections help identify patterns, outliers, and trends
in the data that would otherwise be hidden.
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Chapter 9

Inequalities and Absolute Values

9.1 Introduction

Inequalities are fundamental tools in mathematics used to describe relationships where quan-
tities are not necessarily equal. They help us understand and bound the behavior of variables,
often describing ranges of possible values rather than fixed ones. In many situations, espe-
cially in real-world applications, exact values are less important than knowing if something
is greater than or less than a threshold.

For instance, when setting speed limits, we don’t specify one exact speed but rather
that vehicles should travel below a certain maximum. Mathematically, this can be expressed
as v < 100 km/h.

Similarly, a savings goal may be framed as saving at least $1,000, written as s > 1000.
These inequalities form the backbone of decision-making constraints in fields like economics,
engineering, and Al.

Understanding how to write, manipulate, and graph inequalities allows us to model a
wide range of problems. Whether we are working with simple linear comparisons or solving
inequalities involving multiple variables, mastering this topic is essential for mathematical
literacy and applied reasoning.

9.2 Linear Inequalities

Linear inequalities involve expressions where each term has a degree of at most one, and the
inequality symbols include <, >, <, and >. Solving these inequalities means finding the set
of values that make the inequality true.

Consider the inequality 3z — 5 < 10. To solve it, we isolate x as follows:

—-5<10=3z<15=2<5
This tells us that any number less than 5 will satisfy the inequality. For example, z = 3
gives 3(3) — 5 = 4, which is indeed less than 10. Similarly, if x+ = 0, then 3(0) — 5 = —5,

which also satisfies the condition.
Sometimes we deal with compound inequalities. For instance, solving 2 < x +1 < 5
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involves two steps:
2<zr+1l=x>1, xz4+1<5=x<4

So the solution is 1 < & < 4, which includes numbers like 2, 3, and 4 but not 1 or 5. These
kinds of inequalities are common in optimization problems, where we want to constrain the
input space to a feasible region.

9.3 Graphing Inequalities

Visualizing inequalities on a number line or coordinate plane helps clarify the range of values
that satisfy them. For single-variable inequalities like x > 2, we draw a solid dot at 2 and
shade to the right, indicating all numbers greater than or equal to 2.

For example, to graph z < —3, we place an open circle at -3 and shade to the left. This
visually conveys that any number less than -3 is a solution, such as -4 or -5. In contrast, an
inequality like x < 0 includes 0 and everything to the left.

In two variables, the inequality y < 2z + 1 represents a region below the line y = 2z + 1,
not including the line itself. If we change it to y < 2x 4 1, the line becomes part of the
solution. For instance, the point (1, 2) lies on the line, while (0, 0) lies below it, satisfying
the inequality. These shaded regions are crucial for defining solution spaces in systems of
inequalities and for understanding feasible regions in optimization tasks.

9.4 Absolute Value Concepts

The absolute value of a number measures its distance from zero on the number line, regardless
of direction. Denoted as |z|, it is always non-negative. For example, |3| = 3 and | — 3| = 3,
because both are 3 units from zero.

Absolute value equations can be tricky. For instance, solving |z| = 4 means x = 4
or x = —4, since both satisfy the condition. Similarly, |z — 2| = 3 leads to two solutions:
r—2=3=z=5,andr—2=-3=12=—1.

When inequalities involve absolute values, we must consider both directions. Solving
|z| < 2 means —2 < x < 2, as all values within this range are less than 2 units away from
zero. Conversely, |z| > 2 implies x < —2 or & > 2, as anything farther than 2 units from zero
satisfies the inequality. These principles are crucial in defining tolerances, safety margins,
and error bounds in many applications.

9.5 Applications in Al

Inequalities and absolute values play a significant role in Al, particularly in defining con-
straints and optimization criteria. In machine learning, models often minimize a loss function
subject to regularization constraints. For example, in Lasso regression, the absolute value of
the coefficients is penalized, resulting in the objective function:

min (LOSS +A Z |wz|>
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This use of |w;| encourages sparsity in the model, effectively selecting only the most important
features by setting others to zero.

Inequality constraints are also used in support vector machines (SVMs), where the
algorithm finds the optimal separating hyperplane while ensuring that each data point lies
on the correct side of the margin. This condition is modeled as:

yi(wai +b)>1

which is a linear inequality applied to every training example (z;, ;).

In reinforcement learning, rewards may be bounded by inequalities such as r; < rpax,
ensuring the agent’s actions do not exceed safety or cost limits. Similarly, absolute differences
are used in many Al tasks to measure error, such as the mean absolute error (MAE), which
computes:

1 n
MAE:— i—AZ’
”;:1 Y — il

where |y; — ¢;| measures the deviation of predictions from actual outcomes. These measures
are essential in evaluating and improving Al systems.
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Chapter 10

Sequences and Series

10.1 Introduction

Sequences and series are fundamental mathematical concepts that describe ordered lists of
numbers and their sums. In many areas of science, engineering, and especially artificial
intelligence (Al), sequences form the basis for modeling time-dependent data, decision pro-
cesses, and iterative computations. A sequence is simply an ordered list of numbers, such as
1,2,3,4,..., while a series is the sum of a sequence’s terms.

For example, in natural language processing (NLP), a sentence can be viewed as a se-
quence of words, where each word depends on the ones that came before it. In finance,
monthly loan payments form a sequence that can be analyzed for trends and future predic-
tions. These examples show how sequences are embedded in real-world patterns and data
streams.

Understanding sequences and series not only improves our mathematical thinking but
also lays the groundwork for understanding advanced AI models like recurrent neural net-
works (RNNs), which process data in sequential order. From modeling daily temperatures
to predicting stock prices, the power of sequences is deeply woven into predictive analytics
and is a major pillar of time series modeling in machine learning and deep learning.

10.2 Arithmetic Sequences

An arithmetic sequence is a sequence in which the difference between consecutive terms is
constant. This difference is called the common difference, denoted by d. The nth term of
an arithmetic sequence is given by:

ap =a;+ (n—1)d

Suppose a person saves $100 every month. The savings after each month form an
arithmetic sequence: 100,200, 300, . ... Here, the common difference d = 100, and a; = 100.
This structure helps forecast total savings after a certain number of months, making it useful
in budgeting or investment planning.

Another example involves manufacturing costs. If each item costs $50 more than the
previous one due to rising material costs, then the cost structure can be modeled as an
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arithmetic sequence. Similarly, steps in a machine-learning algorithm that gradually increase

the learning rate by a constant amount per epoch can be treated as arithmetic progressions.
The sum of the first n terms of an arithmetic sequence is given by:

n

2

This formula can be used, for example, to compute the total time needed to process a batch
of tasks where each task takes slightly longer than the last.

Sn = (2@1 + (n — 1)d>

10.3 Geometric Sequences

In a geometric sequence, each term is found by multiplying the previous term by a constant
known as the common ratio r. The general formula for the nth term is:

Consider a scenario where a population doubles every year. If the starting population
is 1,000, the growth forms a geometric sequence: 1000, 2000, 4000,.... Here, » = 2. This
type of growth is prevalent in modeling viral content spread or exponential learning curve
improvements in Al systems.

A second example might involve depreciation. If a car loses 20% of its value each year,
then its value forms a geometric sequence with » = 0.8. In AI hardware cost modeling, such
a depreciation formula can help determine long-term costs of GPU clusters.

Another application is seen in decision trees. As you go deeper in a binary tree, the
number of nodes at each level forms a geometric sequence: 1, 2, 4, 8 16, etc., which helps
estimate memory usage or processing time.

The sum of the first n terms of a geometric sequence is given by:

1—r"
1—7r’

for r #1

Sn:al.

This is used in loan amortization schedules and determining total growth over a fixed period.

10.4 Infinite Series and Convergence

A infinite series is the sum of an infinite sequence of terms. Not all infinite series converge
(have a finite sum), so understanding the conditions for convergence is essential. A geometric

series with |r| < 1 converges to:
a1

1—r
For example, the repeating decimal 0.333... can be represented as an infinite series:
0.3+ 0.03 4 0.003 + . ... Using the formula, we can find its exact value to be 1/3, which is a
classic demonstration of convergence.
A second case is found in signal processing, where Fourier series break down complex
waveforms into sums of sines and cosines. Though technically not geometric, the idea of
infinite summation is central to these techniques.

S
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In Al infinite series are used to understand the behavior of algorithms as the number of
iterations grows indefinitely. For example, gradient descent with diminishing learning rates
can sometimes be analyzed using convergent series principles.

10.5 Applications in Al

Sequences and series are foundational to many AI and machine learning algorithms. Re-
current neural networks (RNNs) and transformers, for instance, are explicitly designed to
handle sequences of inputs, such as time series data or sentences.

Consider a speech recognition system processing audio frames: each audio frame is
part of a sequence that contributes to understanding a full sentence. Similarly, financial
forecasting models like ARIMA or LSTM are based on analyzing historical sequences to
predict future trends.

Another powerful application is in reinforcement learning, where cumulative rewards
over time can be modeled as series. For instance, an agent may accumulate rewards based on
actions, with future rewards discounted over time—forming a geometric series. Optimizing
such sequences helps the agent learn the best long-term strategies.

Even in model evaluation, techniques like moving averages and rolling statistics rely on
sequences to smooth out fluctuations and identify trends. These sequences help engineers
interpret the behavior of loss functions and accuracy metrics over training epochs.

Summary

Sequences and series help us model repeated, progressive, or accumulating events. Arith-
metic sequences model consistent changes, while geometric sequences handle multiplicative
patterns. Infinite series and their convergence criteria help us understand behavior over time
or across iterations.

These concepts are not just theoretical —they have practical value in nearly every domain
of Al, from modeling user interactions and training behavior to understanding patterns in
natural data. As you go further into machine learning and Al, this foundation becomes
crucial in designing better models and interpreting real-world data.
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Chapter 11

Word Problems and Mathematical
Modeling

11.1 Introduction

Mathematical modeling is the process of translating real-world situations into mathematical
language and equations. It is essential for problem-solving in a wide range of fields, including
science, business, and artificial intelligence. By constructing models, we can analyze, predict,
and optimize outcomes based on mathematical logic and structure.

Word problems serve as a bridge between abstract mathematics and practical situations.
They challenge learners to extract meaningful quantities, relationships, and constraints from
textual descriptions. For instance, if a factory produces 200 widgets per day and each widget
sells for $5, students are expected to compute daily revenue as 200 x 5 = 1000. This not
only reinforces arithmetic skills but also cultivates a mindset for structured thinking.

The ability to model real-world phenomena is foundational in AI. Algorithms often rely
on abstracted representations of tasks, such as converting human behavior into numerical
patterns or modeling the dynamics of a robot’s movement using differential equations. Un-
derstanding how to translate narrative data into formal logic is critical in designing intelligent
systems.

11.2 Steps in Solving Word Problems

Solving a word problem involves a systematic approach to ensure all relevant details are
accounted for. The first step is to read the problem carefully and identify what is being
asked. Next, we extract the relevant data and determine what mathematical concepts are
needed. Then we formulate equations and solve them.

Consider a problem: "A ride-sharing company charges a base fare of $3 plus $2 per mile.
What is the total cost for a 10-mile ride?" Here, we identify the base fare and per-mile cost,
and construct the model C' = 3 4 2m, where m is the number of miles. Substituting m = 10
gives C'=3+2-10 = 23.

Another example: A store sells pens in packs of 6 for $4 each and notebooks in packs
of 3 for $5 each. If you buy 2 packs of pens and 3 packs of notebooks, the total cost is
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2-443-5 =8+415 = 23. The key is to correctly identify variables and apply the appropriate
operations to arrive at a solution.

11.3 Constructing Mathematical Models

Mathematical models often use variables, equations, and functions to represent relationships.
A good model should simplify a situation while retaining its essential features. For example,
a linear model might be used to describe how sales grow over time, while a quadratic model
might be used for projectile motion.

Suppose a company’s revenue R is modeled as a function of time: R(¢) = 5000 4 200t,
where ¢ is measured in months. This implies that the company starts with $5,000 in revenue
and gains $200 every month. After 12 months, the revenue will be R(12) = 50004-200-12 =
7400.

In another case, imagine a website where the number of users doubles every month. If
the site starts with 1,000 users, the growth can be modeled using an exponential function:
U(t) = 1000 - 2*. After 3 months, the number of users would be 1000 - 2% = 8000.

The process of creating these models requires assumptions. For instance, we often
assume a constant rate of change even if real-life data is noisy. Recognizing the limitations
of a model is as important as constructing it.

11.4 Common Types of Word Problems

Word problems often fall into categories such as motion, mixture, work, percentage, and cost
problems. Each type has its typical structure and can be tackled using similar strategies.
Recognizing these patterns can speed up the modeling process.

A classic motion problem: "Two trains leave cities 300 miles apart at the same time, one
traveling at 50 mph and the other at 70 mph. When will they meet?" Using the equation
d = rt, the combined distance they cover in time ¢ is 50t + 70t = 120t = 300, solving gives
t = 2.5 hours.

Mixture problems involve combining substances of different concentrations. Suppose
you have 4 liters of 10% saline and want to create 10 liters of a 25% saline solution. Let x
be liters of 50% saline to add. The equation is 0.1-4 4+ 0.5 -2 = 0.25- (4 + ). Solving this
yields the required quantity of the higher concentration mixture.

In a work problem, if one person can complete a task in 5 hours and another in 3 hours,
how long do they take working together? The combined work rate is 1/5+ 1/3 = 8/15, so
the time to complete the task together is 15/8 hours, or 1.875 hours.

11.5 Applications in Al

Mathematical modeling plays a central role in artificial intelligence. Every supervised learn-
ing task starts with a model that maps input data to predictions, such as using linear regres-
sion to predict housing prices from square footage and number of rooms. This relationship
is captured in the form of an equation like price = 50000 + 100 - area + 2000 - rooms.

o6



Mathematical and Statistical Foundations of Al

In robotics, word problems translate into path planning. For example, determining
the shortest route a robot must take to visit multiple points is essentially a version of the
traveling salesman problem, which is solved using optimization algorithms.

Another application is in natural language processing, where sentence patterns are mod-
eled using probabilistic frameworks. For instance, given a sequence of words, we might use
an n-gram model to predict the most likely next word. This is mathematically represented
as a probability distribution over the vocabulary conditioned on previous words.

11.6 Practice Problems

1. A car rental company charges $30 per day plus $0.20 per mile. How much will it cost
to rent a car for 3 days and drive 150 miles?

2. A tank can be filled by one pipe in 4 hours and drained by another in 6 hours. How
long will it take to fill the tank if both pipes are open?

3. A tech startup earns $1,000 profit in its first month and increases profits by $500 each
month. What will the profit be in the 10th month?

Summary

Word problems and mathematical modeling equip learners with tools to approach and solve
real-world problems using mathematical reasoning. These skills are vital in artificial intelli-
gence, where modeling helps structure problems, design algorithms, and predict outcomes.
Whether in simple arithmetic or complex systems, the ability to abstract and analyze situ-
ations mathematically is foundational.
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Chapter 12

Expressions, Equations, and Factoring

12.1 Introduction

Algebra is a powerful tool for modeling and solving problems that involve unknown values.
Expressions and equations form the backbone of algebra, allowing us to generalize patterns,
relationships, and computations. In Al and data science, algebraic methods help define
mathematical models, describe optimization functions, and manipulate symbolic logic.

Expressions are mathematical phrases involving variables, numbers, and operations. For
example, the expression 3z + 2 represents a quantity that depends on the value of . Unlike
equations, expressions do not include an equality sign. In real-world terms, an expression
like 5t + 300 might represent total earnings after ¢ hours of work at $5 per hour plus a $300
bonus.

Equations, on the other hand, assert that two expressions are equal. For instance,
solving the equation 2x + 4 = 16 means finding the value of x that satisfies the equality.
Such techniques are critical when estimating parameters in AI models or determining break-
even points in cost analysis.

12.2 Algebraic Structure and Properties

A deeper understanding of algebra begins with mastering the basic properties of operations.
The commutative property tells us that a +b = b+ a and ab = ba; the associative property
shows that grouping does not affect results, such as (a + b) + ¢ = a + (b + ¢); and the
distributive property links multiplication and addition: a(b+ ¢) = ab + ac.

These properties help simplify complex expressions. For example, using distribution,
we can expand 2(z 4 5) to 2z + 10. In symbolic Al, this allows transformation of structured
representations like decision rules or polynomial approximations into more workable forms.

In multivariable settings, algebraic properties are critical. Consider the expression 2a +
3b—(a—>b). Applying the distributive property to the subtraction yields 2a+3b—a+b = a+4b.
Such manipulation is central to simplifying gradient equations or rearranging model loss
functions in machine learning.
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12.3 Advanced Simplification and Substitution

Simplifying expressions often involves combining like terms, applying the distributive prop-
erty, and substituting known values. For instance, to simplify 3(x+2)+4x, we first expand to
get 3x+6+44x = Tx+6. This process is used in AI when preprocessing symbolic expressions
or feature transformations.

Substitution plays a major role in mathematical modeling. If we know =z = 5, then
substituting into 2z + 3 gives 2(5) + 3 = 13. In Al, substitution is often applied when
evaluating formulas with known hyperparameters or input features.

For nested expressions, simplification is even more important. Consider the expression
2[3z + (z —4)]. First simplify the inner expression: = — 4, then add 3z +x —4 = 4z — 4, and
multiply: 2(4x — 4) = 8z — 8. This kind of manipulation is common in symbolic regression,
where systems evolve expressions over time and simplification keeps them interpretable.

12.4 Solving Linear and Literal Equations

Solving equations means finding the value(s) of the variable(s) that make the equation true.
For linear equations like 5z — 7 = 3z + 1, we start by moving all = terms to one side:
5r — 3r = 14 7, which gives 2x = 8, so x = 4. These techniques are used in optimization
problems where linear constraints need to be satisfied.

Literal equations involve solving for one variable in terms of others. For example, in the
formula for the area of a rectangle A = [w, solving for w gives w = % Literal equations are
useful when rearranging formulas in Al, such as isolating terms in backpropagation.

Solving rational equations involves ﬁndlng common denominators. Consider 9”;& = 2%1
Multiplying both sides by 6 eliminates the denominators: 2(x+2) = 2x — 1, which simplifies
to 2x +4 = 2z — 1, resulting in no solution—a reminder to always check for extraneous roots

in symbolic computation tasks.

12.5 Factoring Techniques

Factoring is the process of breaking down expressions into products of simpler expressions.
This is the reverse of expansion. For example, the expression 22 +5x+6 factors as (x+2)(z+
3). Factoring is essential when solving quadratic equations or simplifying loss functions in
AL

Special products have recognizable patterns. The difference of squares a? — b? factors
into (a — b)(a +b). For instance, 2> — 9 = (z — 3)(x + 3). This is useful when simplifying
regularization terms in models or compressing polynomial expressions.

Factoring by grouping is another method. For example, ax + ay + bx + by = a(x +
y)+b(x+7y) = (a+b)(x+y). This technique is used in algebraic simplification of symbolic
logic, where common sub-patterns in formulas can be factored to reduce complexity in Al
rule-based systems.
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12.6 Applications in Al

Algebra is foundational to many core Al tasks. In symbolic Al, expressions are manipulated
directly as part of reasoning systems. Consider a robot planning problem where the cost
function is C' = 3z + 2y. Algebra allows us to rewrite the equation in different forms to
minimize cost under constraints.

In machine learning, equations and algebraic transformations are used in training. For
example, linear regression fits a model of the form y = mx + b. Solving for the best m and
b involves algebraic manipulation of error functions and derivatives, requiring simplification
and substitution throughout training.

Factoring also plays a role in optimization and backpropagation. In deep learning,
expressions for gradients can be highly complex. Simplifying or factoring these expressions
can significantly reduce computational overhead. For instance, the gradient %(mQ + 2x)
simplifies before differentiation: factoring to x(x + 2) helps in understanding the slope and
curvature of the loss surface.

Summary

In this chapter, we explored the deeper structure of algebra through expressions, equations,
and factoring. We examined the properties that allow us to manipulate expressions and
solve equations involving one or more variables. These techniques are not just theoreti-
cal—they’re directly applied in Al workflows, from symbolic reasoning and equation solving
to loss function simplification and parameter estimation.

By mastering these algebraic methods, Al practitioners gain powerful tools for express-
ing and solving problems systematically. Whether you're solving equations, simplifying
symbolic functions, or modeling data relationships, the language of algebra is an essential
part of the Al toolkit.

References

e Larson, R., & Hostetler, R. P. (2013). Precalculus with Limits. Cengage Learning.
e Stewart, J. (2015). Calculus: Farly Transcendentals. Cengage Learning.

e Lay, D. C., Lay, S. R., & McDonald, J. J. (2016). Linear Algebra and Its Applications.
Pearson.

e Goodfellow, I., Bengio, Y., & Courville, A. (2016). Deep Learning. MIT Press.

63



12. Expressions, Equations, and Factoring

64



Chapter 13

Functions and Graphs

13.1 Introduction

Functions are one of the most important concepts in mathematics. A function is a rule that
assigns to every input exactly one output. In simpler terms, a function is like a machine:
you feed in a number (input), the machine does something to it, and then it gives you back
another number (output).

For example, a function could double any number you give it. If you input 3, the output
will be 6. If you input 7, the output will be 14. We write this function as f(z) = 2z, where
x is the input and f(x) is the output. Functions are often visualized using graphs, which
help us understand their behavior.

In artificial intelligence (AI), functions appear everywhere. Neural networks, for exam-
ple, are built by combining many small functions. Graphing functions helps us understand
how data flows and changes, making them essential tools in model design and analysis.

13.2 Understanding Functions

A function is a relation between a set of inputs and a set of possible outputs, such that
each input is related to exactly one output. This is often written as f(x), which means "the
function f of z".

For instance, f(z) = z* is a function that squares any number you give it. So f(2) = 4,
f(—=3) =9, and so on. If we plot this function on a graph, it forms a U-shaped curve called
a parabola. See Figure 13.1 for an illustration of this.

Another common function is the identity function f(z) = =, which just returns the
input as it is. And a constant function like f(x) = 5 gives the same output no matter what
the input is.

Functions are the foundation of many algorithms. For example, in machine learning, the
loss function calculates the error between predicted and actual values, guiding the model’s
training.

2
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Figure 13.1: Graph of f(x) = 2.

13.3 Types of Functions

Functions come in many different types, each with unique behavior.

A linear function is one where the graph is a straight line, such as f(x) =2z + 1. Tt
increases or decreases at a constant rate. Figure 13.2 shows the graph of a linear function.
These are widely used in basic predictive models in Al

0

Figure 13.2: Graph of the linear function f(x) = 2x + 1.

An exponential function grows rapidly, like f(z) = 2*. These are common in growth
models, such as viral spread prediction or population modeling.

A reciprocal function such as f(z) = 1/x has a vertical asymptote at = 0 and is
shown in Figure 13.3. This type of function can model inverse relationships such as speed

vs. time.
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Figure 13.3: Graph of the reciprocal function f(z) = 2.

13.4 Graphing Functions

Graphs are powerful tools for understanding how functions behave. By plotting a function,
we can see where it increases or decreases, where it crosses the axes, and what its shape
looks like.

Consider the absolute value function f(z) = |z|, which makes all outputs positive.
Its graph forms a V shape (see Figure 13.4). This function is useful for error measurement
because it treats overestimates and underestimates equally.

Figure 13.4: Graph of f(z) = |z|.

Another example is the step function, where f(z) = |z], which rounds down to the
nearest whole number. This can model discrete decisions in Al systems, like classification

outputs.
Graphing also helps us see discontinuities and asymptotic behavior. For instance,

tangent functions have breaks where they go to infinity.
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13.5 Applications in Al

Functions are used everywhere in Al and machine learning. They model relationships be-
tween variables, transform data, and define optimization objectives.

One key area is activation functions in neural networks. These functions decide
whether a neuron should "fire" or not. Common activation functions include:

- Sigmoid function: f(z) = ;7= — maps any real number to a value between 0 and
1. Used in binary classification. - ReLU (Rectified Linear Unit): f(z) = max(0,z) —
sets all negative inputs to zero. It’s simple and effective, and speeds up training.

Another use is in loss functions, which measure how well a model is performing. For
instance, mean squared error uses f(x) = (y — ¢)?, a function that penalizes larger errors
more heavily.

In reinforcement learning, reward functions are often defined as functions of state and
action. These determine how good an action is, guiding the agent’s learning.

Functions also appear in decision boundaries of classifiers like SVMs, and in feature

T—

transformations like normalization: f(r) = *#, making data easier to learn from.

Summary

Functions are the foundation of mathematical modeling in AI. They help define relationships,
perform transformations, and visualize behavior. By understanding and graphing functions,
we can interpret algorithms more effectively, improve performance, and communicate ideas
clearly.

In this chapter, we explored how different types of functions behave, how to graph them,
and how they are applied in artificial intelligence. This knowledge is essential for designing
and analyzing Al models.
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Chapter 14

Systems of Equations

14.1 Introduction

In mathematics, a system of equations is a collection of two or more equations with the
same set of variables. Solving a system means finding values of the variables that satisfy all
equations simultaneously. This concept is critical in many areas of science and engineering,
as it helps solve problems where multiple constraints must be satisfied at the same time.

For example, consider a situation where you are trying to determine how many pens and
notebooks a student bought if the total cost was $12,000 and you also know the number of
items. By forming and solving a system of equations, you can determine the exact quantities.
Systems can be linear or nonlinear, but linear systems are more common and easier to solve
analytically.

Systems of equations are highly relevant in Al applications. They are used in op-
timization problems, in determining weights in machine learning models, and in solving
multi-variable models in areas like computer vision and robotics.

14.2 Solving by Graphing

One of the most visual ways to solve a system of linear equations is by graphing. Each
equation represents a line, and the solution to the system is the point where these lines
intersect. This method is particularly useful for getting an intuitive understanding of how
systems behave.

For instance, consider the system:

y=2zx+1

y=-—x+4
When graphed, these lines intersect at a single point. The coordinates of that point are the
solution to the system. If they don’t intersect (they are parallel), there is no solution. If they
lie on top of each other, there are infinitely many solutions. Figure 14.1 shows an example

of this kind of system.
This method is best when you need a visual confirmation or are working with simple
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/ 0
Figure 14.1: Solving a system by graphing: y =2x + 1 and y = —x + 4.

equations. In Al, this can help when visualizing decision boundaries between different classes
in classification problems.

14.3 Solving by Substitution

The substitution method involves solving one equation for one variable and then substituting
that expression into the other equation. This reduces the system to a single equation with
one variable, which is easier to solve.

Yy =3x — 2

2z +y =10

Take the system:
We already have y in terms of z, so substitute into the second equation:

12
2:E—|—(3:1:—2):10:>5aj:12:>gg:E

Then plug = 12 back into the first equation to find y = 3 - % —2=230_9—20 G5 the
solution is (2, 2).

This method works well for systems where at least one equation is already solved for
one variable. In Al, substitution is useful for symbolic reasoning or simplifying constraints

in logic-based models or constraint satisfaction problems.

14.4 Solving by Elimination

The elimination method involves adding or subtracting the equations to eliminate one of the
variables. The goal is to make the coefficient of one variable the same (or negatives of each
other) so it cancels out.
For instance, consider:
3r + 2y = 16
or —2y =4
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Adding these equations directly eliminates y:
Bx+2y)+ (br—2y)=16+4=8x=20=x=25
Substitute x = 2.5 into the first equation:
3(25)+2y=16=T75+4+2y=16 =2y =85=y =4.25

So, the solution is (2.5, 4.25).

Elimination is often the most efficient method when coefficients are easily manipulated.
In machine learning, similar techniques are used when solving systems of linear equations in
batch gradient methods and in calculating model parameters.

14.5 Graphical Interpretation and Special Cases

Some systems have no solution, one solution, or infinitely many solutions. These cases are
visible when you graph the system.

y=2x+3

2y =4 +6

For example, the system:
actually represents the same line (the second equation is just double the first). This is a case
of infinite solutions. Now consider:

y=2xr+3
y=2r—1

These are parallel lines, so they never intersect — hence, no solution. Figure 14.2 illustrates
this case.

These interpretations are vital in deep learning when analyzing the convergence of opti-
mization algorithms. Graphical understanding also aids in visualizing constraint boundaries
in support vector machines.

14.6 Applications in Al

In artificial intelligence, systems of equations appear in many critical areas. For example,
in neural networks, the process of forward propagation can be described using systems of
linear equations where the input vector is multiplied by a weight matrix and added to a bias
vector. Each neuron’s output can be thought of as solving such a system.

Another application is in solving optimization problems in machine learning. When
minimizing a loss function, we often need to solve the system formed by setting the gradient
equal to zero. For example, in linear regression, we solve:

XTXw=X"Ty
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Figure 14.2: Parallel lines: a system with no solution.

to find the optimal weight vector w, where X is the input data matrix. This is a classic
linear system.

In reinforcement learning, systems of equations are used in computing the value function
using Bellman equations. These are recursive systems that describe the expected return for
each state, and solving them gives insight into optimal policies.

Summary

Systems of equations are essential tools for analyzing and solving problems that involve
multiple variables and constraints. They can be solved using graphing, substitution, or
elimination, each method having its own strengths. Visualizing systems helps understand
whether they have no solution, a unique solution, or infinitely many:.

In artificial intelligence, systems of equations underpin a variety of algorithms and mod-
els. From the foundational mathematics in neural networks to advanced optimization prob-
lems, they provide the framework for making decisions, predictions, and inferences.
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Chapter 15

Polynomials and Rational Expressions

15.1 Introduction

Polynomials are algebraic expressions that consist of variables and coefficients combined
using only addition, subtraction, and multiplication. They are essential tools in mathematics
and appear throughout science and engineering. A typical polynomial looks like 322 + 22 —
5, and depending on the degree and number of terms, it can take on various shapes and
behaviors.

Consider a quadratic polynomial such as z? — 4z + 3. This expression describes a
parabolic curve when graphed and has two roots where the curve intersects the x-axis.
Another polynomial like 223 + 22 — 5x + 1 is cubic, which often means the graph will have
turning points and potentially multiple real roots. Each term influences the shape and nature
of the curve, making polynomials versatile tools in modeling.

In machine learning, polynomials are used in regression models where the relationship
between input and output isn’t linear. For example, polynomial regression can fit curves
to data in ways that linear models cannot, making them suitable for capturing complex
patterns in datasets. As we explore this chapter, you'll see how understanding polynomials
enables better modeling and problem-solving in both mathematics and Al.

15.2 Polynomial Operations

Working with polynomials involves operations such as addition, subtraction, multiplication,
and division. These operations follow specific rules that preserve the polynomial structure.
For instance, when adding (222 +3x) + (2 — x+4), we combine like terms to get 3z +2x+4.
The key is aligning terms of the same degree.

Multiplication involves distributing terms. Take (z+2)(x—3), which expands to z?—z—6
using the distributive property. More complex multiplication, such as (2z — 1)(2? + 3z +4),
requires multiplying each term in the first polynomial with every term in the second. This
results in a new polynomial of higher degree.

Polynomial division often comes into play when simplifying expressions or solving equa-
tions. For example, dividing 22? + 32 + 1 by x + 1 using long division or synthetic division
yields a quotient and a remainder. These techniques are crucial in rational expression sim-
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plification and help when breaking down functions in machine learning pipelines.

15.3 Factoring Polynomials

Factoring is the reverse process of multiplication and helps simplify polynomials or solve
equations. A common method is factoring trinomials. For instance, x? + 5z + 6 factors into
(x+2)(x+3). Recognizing patterns like these allows us to find roots quickly and understand
polynomial behavior.

Some polynomials are factored using special identities. The difference of squares, such as
x? =9, factors into (z —3)(z+3). Similarly, perfect square trinomials like 2 4 62 + 9 become
(r+3)2. Recognizing these patterns makes algebraic manipulation easier and supports deeper
insight into expressions.

In optimization problems, especially in Al models, factoring is used to minimize loss
functions. For example, an expression like w? — 6w + 8 might represent a simplified form of
a cost function in training a neural network. Factoring reveals the critical points where the
function changes direction, informing model tuning and convergence.

15.4 Graphing Polynomial Functions

Graphing polynomials helps visualize their behavior over different intervals. A polynomial’s
degree affects the number of turning points and the end behavior of the graph. For example,
a cubic function like 2® — 322 + 2z typically has two turning points and can cross the x-axis
up to three times.

Intercepts are crucial in graphing. The x-intercepts are the roots of the polynomial,
and the y-intercept is the constant term when z = 0. For instance, y = 2*> — 22 — 3 has
x-intercepts at x = —1 and x = 3, and a y-intercept at y = —3. These points guide the
sketching of the graph’s shape.

Below is a visualization (Figure 15.1) of a cubic polynomial with three real roots:

20 1Y
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Figure 15.1: Graph of the polynomial f(z) = 23 — 322 + 2z.

This visualization shows how the polynomial dips and rises, crossing the x-axis at the
roots. Understanding this helps in interpreting data trends, especially in regression and
forecasting.
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15.5 Rational Expressions

Rational expressions are fractions where the numerator and denominator are both polyno-
mials. They are used in a variety of applications, from calculating rates to building models
that involve ratios. A simple example is m; :11, which simplifies to z 4+ 1, provided = # 1 to
avoid division by zero.

More complex rational expressions like simplify to 4+ 1, but again with re-
strictions. These expressions often arise in calculus when computing limits or in Al when
analyzing gradient functions with learning rates. A critical skill is factoring and canceling
terms while noting excluded values.

Another use is in proportional control. In a reinforcement learning algorithm, the agent’s
reward adjustment might be based on a rational expression representing reward over time.
For instance, — can represent a discounted reward where ~ is the decay rate. Rational

7 149t
expressions help model such time-sensitive feedback.

2242241
x+1

15.6 Applications in Al

Polynomials and rational expressions play foundational roles in various Al tasks. In polyno-
mial regression, models fit curves through data points using polynomial equations, making
them useful for nonlinear relationships. For example, predicting housing prices might involve
a model like y = az? 4 bz + ¢, where x represents square footage and y is the price.

Rational expressions are also present in learning rate schedules. Consider the expression
n(t) = 1-7—0>\t’ where 79 is the initial learning rate and ¢ is the epoch count. This decay model is
rational and ensures the learning slows down over time. Such schedules are vital for training
stability in neural networks.

Additionally, optimization techniques sometimes rely on polynomial approximations of
cost surfaces. When visualized, these look like bowl-shaped curves where minima represent

optimal solutions. Figure 15.2 illustrates such a cost function using a quadratic form:

Figure 15.2: Quadratic cost function: L(z) = 2% + 2z + 1.

This figure shows how the loss decreases as the model gets closer to the minimum,
emphasizing how polynomial understanding helps in Al model tuning and diagnostics.
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Summary

Polynomials are foundational in mathematics and widely used in modeling real-world phe-
nomena. Operations such as addition, multiplication, and factoring allow for simplification
and problem-solving. Rational expressions extend these ideas to include polynomial ratios
and appear frequently in algorithm design and optimization.

Understanding how to graph polynomials, manipulate rational expressions, and apply
them to AI problems builds a powerful toolkit. Whether modeling cost functions, fitting
data trends, or analyzing learning schedules, these algebraic structures are indispensable in
the design of intelligent systems.
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Chapter 16

Geometry: Lines, Angles, and Triangles

16.1 Introduction

Geometry is a fundamental branch of mathematics that deals with shapes, sizes, and prop-
erties of space. Understanding lines, angles, and triangles is essential because they form the
building blocks of more complex geometric concepts. Whether designing computer graphics,
interpreting spatial data, or modeling physical systems in Al a solid grasp of these basics is
crucial.

Lines represent the simplest geometric objects—straight one-dimensional figures extend-
ing infinitely in both directions. Angles describe the space between two intersecting lines,
while triangles, formed by connecting three points, are the simplest polygons and play a
significant role in geometry and trigonometry.

In this chapter, we explore key properties of lines and angles, classify triangles by their
side lengths and angle measures, and use visual tools to deepen our understanding. By
the end, you’ll see how these geometric elements underpin numerous applications, including
computer vision and robotics in Al.

16.2 Lines and Their Properties

A line is defined by two points and extends infinitely in both directions. In coordinate
geometry, a line can be represented by equations such as y = mx + b, where m is the slope
and b is the y-intercept. The slope describes the steepness of the line, indicating how much
y changes for a unit change in .

For example, if a line passes through points (1,2) and (3,6), its slope m = % = 2.
This means for every increase of 1 in x, y increases by 2. Lines with positive slopes rise from
left to right, while lines with negative slopes fall.

Parallel lines have equal slopes and never intersect, such as y = 2x + 1 and y = 2x — 3.
Perpendicular lines intersect at right angles (90°), and their slopes satisfy m; - mgo = —1. For
instance, if a line has slope 2, a line perpendicular to it will have slope —%.

This figure illustrates parallel lines y = 2x + 1 and y = 2x — 3, and perpendicular lines
x =1 and y = 2. Recognizing these relationships is critical in Al when defining boundaries
in classification tasks or working with spatial transformations.
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/ x
Figure 16.1: Parallel (blue) and perpendicular (red) lines, limited within axis ranges.

16.3 Angles and Their Measures

An angle is formed by two rays sharing a common endpoint called the vertex. Angles are
measured in degrees or radians, where a full circle corresponds to 360° or 27 radians. Acute
angles measure less than 90°, right angles exactly 90°, obtuse angles between 90° and 180°,
and straight angles are 180°.

For example, if two roads meet at an intersection forming a 60° angle, this is an acute
angle often seen in urban planning algorithms. A corner of a square is a right angle, crucial
in image processing when detecting edges or shapes.

Angles can be classified by their position relative to each other. Adjacent angles share a
common side, and complementary angles add up to 90°. Supplementary angles sum to 180°,
such as angles formed by a straight line.

D0°
45°

Figure 16.2: Acute (45°) and right (90°) angles at vertex.
This figure shows an acute angle of 45° and a right angle of 90° sharing the same vertex.
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Understanding these helps in calculating orientations in robotics or evaluating rotations in
computer graphics.

16.4 Triangles and Their Classification

Triangles are polygons with three sides and three angles whose measures sum to exactly 180°.
Triangles can be classified by their side lengths as equilateral (all sides equal), isosceles (two
sides equal), or scalene (no sides equal). By angles, they are classified as acute (all angles
less than 90°), right (one 90° angle), or obtuse (one angle greater than 90°).

For instance, an equilateral triangle with sides of length 3 units has all angles equal to
60°. A right triangle with legs of length 3 and 4 units has a hypotenuse of 5 units, following
the Pythagorean theorem.

Triangles are fundamental in computer vision for modeling surfaces and shapes. Trian-
gular meshes form the basis of 3D models, while Al algorithms use triangle classifications
for object recognition and scene understanding.

16.4.1 Properties of Triangles

The sum of the interior angles of any triangle is 180°. This property allows us to find unknown
angles when two angles are known. For example, if a triangle has two angles measuring 50°
and 60°, the third angle must be 180° — 50° — 60° = 70°.

The Pythagorean theorem states that for right triangles, the square of the hypotenuse
equals the sum of the squares of the other two sides: ¢ = a? 4+ b. This theorem is often
used in Al to compute distances or optimize geometric configurations.

Another important property is the triangle inequality theorem, which states that the
sum of the lengths of any two sides must be greater than the third side. For example, sides
of lengths 2, 3, and 6 cannot form a triangle, but 2, 3, and 4 can.

16.5 Applications in Al

Geometry, especially knowledge of lines, angles, and triangles, has wide applications in Al In
computer vision, edge detection algorithms rely on recognizing lines and angles to interpret
images. For instance, autonomous vehicles use geometric reasoning to detect lanes and
obstacles.

Robotics depends heavily on understanding spatial relationships, where angles deter-
mine joint rotations and lines represent paths or trajectories. Triangular meshes are used in
3D object recognition and reconstruction from sensor data.

Another practical AT application is in augmented reality (AR), where geometric trans-
formations based on triangles and angles allow virtual objects to be correctly placed and
oriented in a real-world environment. This requires precise calculations of angles and dis-
tances in 3D space.
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Summary

In this chapter, we examined fundamental concepts of geometry including lines, angles, and
triangles. We learned how to represent lines mathematically, classify angles by measure, and
understand different types of triangles. We also explored the critical properties that govern
these shapes.

Visualizing geometric figures with diagrams aids comprehension and helps connect the-
ory to real-world applications. Geometry forms a foundation not only in pure mathematics
but also in Al fields such as computer vision, robotics, and augmented reality.

With these concepts in place, you are now prepared to tackle more advanced geometric
topics and their applications in Al including congruence, similarity, and coordinate geometry
in subsequent chapters.
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Chapter 17

Congruence and Similarity

17.1 Introduction

Congruence and similarity are fundamental concepts in geometry that describe relationships
between shapes. Two figures are congruent if they have the same shape and size, meaning
one can be transformed into the other through rigid motions such as translations, rotations,
or reflections. Understanding congruence allows us to prove that two geometric objects are
identical in form, which is crucial in both pure mathematics and practical applications.

Similarity, on the other hand, refers to figures that have the same shape but not neces-
sarily the same size. Similar figures have proportional corresponding sides and equal corre-
sponding angles. This property allows us to analyze objects that are scaled versions of each
other, which is particularly useful when dealing with images or models at different scales.

In AT, these concepts help in computer vision and pattern recognition where the system
must identify objects regardless of their orientation or size. For instance, recognizing that
two images represent the same object even when one is a scaled or rotated version of the
other relies on understanding congruence and similarity.

17.2 Congruent Figures

Two figures are congruent if all corresponding sides and angles are equal. This means the
figures coincide perfectly when overlaid. Congruence can be established using various criteria
such as Side-Side-Side (SSS), Side-Angle-Side (SAS), and Angle-Side-Angle (ASA).

For example, consider two triangles with sides of lengths 3 cm, 4 cm, and 5 cm each.
Since all sides match, these triangles are congruent by SSS. Similarly, if two triangles share
two sides of lengths 5 cm and 7 cm, and the included angle between those sides is 60 degrees,
then they are congruent by SAS.

Congruence is essential when verifying the integrity of manufactured parts. Suppose an
Al-powered robotic arm needs to confirm that parts match a blueprint exactly; congruence
tests ensure that no scaling or deformation has occurred during production.
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C F

A B D E

Figure 17.1: Two congruent triangles ABC and DEF

17.3 Similar Figures

Similarity relaxes the condition of congruence by allowing figures to differ in size but still
maintain the same shape. Two figures are similar if their corresponding angles are equal
and their corresponding sides are proportional.

For instance, consider two triangles where one has sides of lengths 4 ¢m, 6 cm, and 8
cm, and the other has sides of lengths 2 cm, 3 cm, and 4 cm. Since the sides of the smaller
triangle are exactly half the lengths of the larger triangle, and the angles correspond, these
triangles are similar.

In mapping and remote sensing, similarity is used to analyze objects in satellite images
at different scales. AI algorithms use similarity measures to detect features like roads or
buildings even when the images vary in resolution.

|

Figure 17.2: Similar triangles GHI and JKL

17.4 Applications in Al

Understanding congruence and similarity is vital in Al fields such as computer vision, image
recognition, and robotics. For example, in facial recognition systems, the Al must recognize
faces even if they appear at different scales, orientations, or lighting conditions. This requires
comparing shapes and features in a manner invariant to size and position—precisely where
similarity plays a role.
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Robotic grasping tasks rely on congruence to identify if a tool or object matches a known
template exactly before attempting to manipulate it. By comparing sensor data to stored
models, the robot determines whether the object is congruent with the template, ensuring
precision in handling.

In Al-driven medical imaging, similarity detection helps compare anatomical structures
across patients, allowing the identification of abnormalities by measuring deviations in shape
or size.

Summary

Congruence and similarity describe essential geometric relationships that allow us to analyze
when shapes are identical or proportionally related. These ideas have both theoretical and
practical value, especially in Al applications involving pattern recognition and shape analysis.

By mastering the criteria and properties of congruence and similarity, you can better
understand how Al systems interpret and compare geometric data across varied contexts
and scales.
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Chapter 18

Circles, Arcs, and Sectors

18.1 Introduction

Circles are one of the most fundamental shapes in geometry, defined as the set of all points
equidistant from a fixed point called the center. This distance is known as the radius. The
study of circles involves understanding their properties, including circumference, area, arcs,
and sectors, which form the basis for many advanced geometric concepts.

For example, if a circle has a radius of 5 units, then any point exactly 5 units away from
the center lies on the circle. The circumference, which is the perimeter of the circle, can be
calculated using the formula C' = 27r. In this case, the circumference is approximately 31.4
units. Similarly, the area of the circle is given by A = 7r?, which equals about 78.5 square
units for the radius of 5.

Understanding the parts of a circle, such as arcs and sectors, is essential not only in
geometry but also in fields like robotics and computer graphics. In Al, circular shapes and
their properties often come into play when dealing with image segmentation and object
detection, where objects might be roughly circular, and analyzing arcs and sectors helps in
better feature extraction.

18.2 Arcs and Central Angles

An arc of a circle is a portion of its circumference. Arcs are often measured in degrees,
representing the central angle they subtend at the circle’s center. The length of an arc
depends on the size of the circle and the measure of the central angle.

For instance, consider a circle with radius 7 units and a central angle of 60 degrees. The
length of the arc corresponding to this angle is found by multiplying the circumference by
the fraction of the circle covered by the angle:

X 2mr = @ X 2m X 7 = 7.33 units.

Arc length =
re length = 5005 360

This formula generalizes to any radius and angle, providing a direct way to calculate arc
lengths for various scenarios.
In the following figure, Figure 18.1, we illustrate a circle with an arc subtended by a
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central angle of 90 degrees. This visualization helps clarify the relationship between the
central angle and the arc length.

90°

Figure 18.1: Circle with central angle and arc AB.

18.3 Sectors of a Circle

A sector is the region bounded by two radii and the arc between them. The area of a sector
depends on the radius of the circle and the measure of the central angle.

For example, if a circle has a radius of 10 units and the sector’s central angle is 45
degrees, the area of the sector is:
4 2

45
360° X e = 360 x m x 10 ~ 78.54 square units.

Sector area =

This formula helps in applications like calculating the proportion of a circle covered by a
sector, which has uses in fields like robotics for sensor coverage areas.

The figure below, Figure 18.2, shows a sector with a central angle of 60 degrees high-
lighted in blue. Such visual aids help solidify the connection between angles, arcs, and
areas.

18.4 Applications in Al

Circles, arcs, and sectors frequently appear in Al-related problems such as robotics, computer
vision, and sensor networks. For example, in robot navigation, sensors often have a limited
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B

60°

Figure 18.2: Sector with central angle and shaded area.

field of view modeled as a sector of a circle. Understanding the geometry of these sectors
helps optimize sensor placement and coverage.

In computer vision, detecting circular shapes or arcs can assist in object recognition,
such as identifying wheels or circular logos. Al algorithms use properties of circles and arcs
to analyze contours and edges for better classification.

Moreover, sector calculations are important in resource allocation problems where cov-
erage or influence zones need to be estimated, for instance, in wireless networks where signal
strength is modeled as circular sectors.

Summary

This chapter covered essential concepts related to circles, arcs, and sectors, including their
definitions, formulas for lengths and areas, and visual illustrations. These ideas form the
building blocks for more advanced geometric concepts and have practical significance in Al
and engineering.
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Chapter 19

Geometric Proofs and Reasoning

19.1 Introduction

Geometric proofs are logical arguments that establish the truth of geometric statements using
deductive reasoning. They form a fundamental part of mathematics, helping us rigorously
verify properties of shapes, sizes, and relative positions of figures. Proofs in geometry rely
on axioms, definitions, and previously established theorems to build convincing arguments.

For instance, proving that the sum of the interior angles of a triangle is 180° is a classic
example of geometric reasoning. Through a sequence of logically connected steps, we deduce
this property using parallel lines and alternate interior angles, showcasing how fundamental
geometric facts build upon one another.

Geometric reasoning is not only essential in pure mathematics but also plays a crucial
role in Al, especially in computer vision and robotics, where spatial understanding and
verifying geometric constraints can improve object recognition and navigation.

19.2 Types of Geometric Proofs

There are several types of geometric proofs, including two-column proofs, paragraph proofs,
and flowchart proofs. Two-column proofs organize statements and their corresponding rea-
sons side by side, making the logical flow clear. Paragraph proofs narrate the reasoning
process in full sentences, while flowchart proofs use boxes and arrows to visualize the logical
sequence.

For example, to prove that the base angles of an isosceles triangle are equal, a two-
column proof lists each step — like drawing the altitude and applying triangle congruence
theorems — alongside justifications such as definitions or theorems used. This structured
format helps ensure clarity and rigor.

Another approach is the paragraph proof, which might explain that by dropping a per-
pendicular bisector to the base, the original triangle splits into two congruent right triangles,
implying equality of base angles. Flowchart proofs, meanwhile, emphasize the sequence of
reasoning with arrows showing dependencies between statements.
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19.3 Common Proof Techniques

Several proof techniques are frequently used in geometry: direct proof, proof by contradic-
tion, and proof by induction. Direct proof starts from known facts and logically arrives at
the statement to be proved. Proof by contradiction assumes the opposite of the statement
and shows this leads to a logical impossibility. Proof by induction, though more common
in algebra and number theory, can be adapted to geometric contexts involving sequences or
patterns.

Consider proving that the sum of the angles in any triangle is 180°. A direct proof
involves drawing a line parallel to one side of the triangle and using alternate interior angles
to demonstrate the sum of the three angles equals a straight angle.

Proof by contradiction can be used to show that no equilateral triangle can have an angle
greater than 60°. Assuming otherwise leads to contradictions with the triangle inequality or
angle sum property.

Induction may be applied to prove properties of polygons with an increasing number of
sides, such as the sum of interior angles formula (n — 2) x 180°.

19.4 Example Proof: Triangle Angle Sum

Let us examine a direct proof that the interior angles of a triangle sum to 180°. Consider
triangle ABC', and draw line DFE through vertex C parallel to side AB, as shown in Fig-
ure 19.1.

A B

Figure 19.1: Triangle ABC with line DE parallel to AB illustrating angle sum proof.

Because DE || AB, alternate interior angles at C' are congruent to angles at A and B.
Specifically, angle « is congruent to angle A, and angle (3 is congruent to angle B. The angle
at C'is . Since the straight line DF forms a 180° angle, it follows that:

a+v+ [ =180°.
Replacing o and § with angles A and B, we conclude:
A+ B+ C =180

This proof confirms the fundamental property of triangles using parallel lines and angle
congruences.
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19.5 Applications in Al

Geometric proofs and reasoning underpin many Al applications, particularly in computer
vision and robotics. For instance, verifying shape properties using geometric constraints
helps AI algorithms recognize objects and interpret scenes accurately.

In autonomous driving, understanding the geometry of the environment through sen-
sors often requires validating angles and distances based on geometric principles. Proof
techniques ensure that assumptions about the environment’s structure are logically consis-
tent and reliable.

Moreover, reasoning about geometric transformations—such as rotations and transla-
tions—requires rigorous geometric arguments to maintain correctness in object tracking and
scene reconstruction.

Summary

This chapter introduced the fundamental concepts of geometric proofs and reasoning, ex-
ploring various proof types and techniques. Through examples like the triangle angle sum
proof, readers gained insight into logical deduction in geometry, which has vital applications
in Al domains.
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Chapter 20

Transformations and Symmetry

20.1 Introduction

Transformations are operations that move or change a geometric figure in some way, while
symmetry refers to the property of a shape that looks the same after certain transformations.
These concepts are fundamental in geometry and have broad applications in various fields
including Al, computer graphics, and robotics. Common transformations include transla-
tions, rotations, reflections, and dilations, each changing the position or size of shapes in
different ways.

For example, a translation moves every point of a shape the same distance in the same
direction. If you translate a triangle three units to the right and two units up, each vertex
shifts accordingly, preserving the shape’s size and orientation. Rotations turn a shape around
a fixed point, called the center of rotation, by a specified angle. For instance, rotating a
square 90 degrees around its center moves each vertex to a new position but keeps the shape
congruent to the original.

Understanding symmetry is crucial as it identifies invariance under transformations. A
shape is symmetric if it looks identical after certain operations. For example, a regular
hexagon has rotational symmetry of order six because it looks the same after rotations of 60
degrees, 120 degrees, and so forth. Symmetry helps simplify problems by reducing complexity
and is heavily used in pattern recognition and Al

20.2 Types of Transformations

Transformations are broadly categorized into rigid transformations and non-rigid trans-
formations. Rigid transformations preserve distance and angle measures, meaning the
shape remains congruent to the original. These include translations, rotations, and reflec-
tions. Non-rigid transformations, such as dilations (scaling), change the size but preserve
shape similarity.

As an example, consider reflecting a point (z,y) across the y-axis. The image point
becomes (—z,y), effectively flipping the shape over the axis. Rotations around the origin by
0 degrees can be represented by coordinate transformations:

(', y') = (xcosh — ysinb, xsinf + ycosb).
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This transformation preserves distances and angles but changes the position.

Dilations scale shapes by a factor k, altering size but preserving shape similarity. For
instance, dilating a triangle with vertices at (1,2), (3,2),(2,4) by a factor of 2 will result in
vertices (2,4), (6,4), (4,8), doubling all distances from the center of dilation.

Figure 20.1 below illustrates these basic transformations applied to a triangle.

A7

Figure 20.1: Transformations: original triangle (black), translation (red), reflection (blue),
rotation (green).

20.3 Symmetry in Geometry

Symmetry describes the balance or harmony in a figure that remains unchanged after a
transformation. The most common types are line symmetry (reflectional symmetry) and
rotational symmetry. A figure with line symmetry can be divided by a line (axis of
symmetry) such that one half is the mirror image of the other.

For instance, the letter "A" has a vertical axis of symmetry down the center. If you fold
it along this axis, both halves align perfectly. Another example is a circle, which has infinite
lines of symmetry passing through its center.

Rotational symmetry occurs when a figure looks the same after a rotation by an angle
less than 360 degrees. A regular pentagon has rotational symmetry of order 5 because it
looks identical after rotations of 72 degrees, 144 degrees, and so forth.

Understanding symmetry is critical in Al for recognizing patterns, compressing data,
and simplifying models by exploiting invariant properties.

20.4 Applications in Al

Transformations and symmetry play significant roles in various Al applications, especially in
computer vision and robotics. For example, in image recognition, many objects can appear in
different orientations or positions, but Al systems need to identify them as the same object.
Recognizing symmetry and transformation invariance allows algorithms to generalize better.
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In robotics, understanding transformations helps in motion planning and controlling
robot arms, where translations and rotations dictate movement in space. Symmetry princi-
ples can reduce computational costs by limiting the search space during path planning.

Moreover, generative Al models use transformations to augment training data, applying
rotations, reflections, and scalings to images to improve robustness. Recognizing symmetrical
patterns also helps in anomaly detection by identifying deviations from expected geometric
properties.

Summary

This chapter explored the fundamental transformations—translations, rotations, reflections,
and dilations—and the concept of symmetry in geometry. Through visual illustrations and
practical Al applications, we saw how these concepts enable the analysis and manipulation of
shapes and objects. Mastery of transformations and symmetry lays a foundation for deeper
understanding in Al fields like computer vision and robotics.
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Chapter 21

Trigonometric Ratios, Functions and
Applications

21.1 Introduction

Trigonometry is a branch of mathematics that explores the relationships between angles and
sides in triangles. It plays a vital role in various fields, including physics, engineering, and
computer science. At its core, trigonometry introduces functions that describe how angles
and lengths are related in right-angled triangles. These functions include sine, cosine, and
tangent, which are defined as ratios of different sides of a triangle.

In the context of AI, understanding trigonometric relationships is important not just
for graphics and simulations, but also for deeper mathematical tools like Fourier analysis
and similarity measures in high-dimensional spaces. The trigonometric perspective allows us
to model oscillations, rotations, and other periodic behaviors commonly observed in signal
data, speech, and vision.

For example, in a right triangle with a 30° angle, we can use the sine function to find
the opposite side when the hypotenuse is known. If the hypotenuse is 10 units, the opposite
side would be 10 - sin(30°) = 10 - 0.5 = 5. This illustrates how trigonometric functions help
solve triangle-related problems efficiently.

21.2 Understanding Trigonometric Ratios

Trigonometric ratios are defined using right-angled triangles. The three primary ratios are
sine (sin), cosine (cos), and tangent (tan), based on the relationships between the opposite,
adjacent, and hypotenuse sides of the triangle.

Consider a right triangle with an angle 6. The sine of # is the ratio of the length of

the side opposite 0 to the hypotenuse, written as sin(f) = @’gﬁt—m. Similarly, cosine is the
ratio of the adjacent side to the hypotenuse: cos(f) = %. Tangent is the ratio of the
opposite side to the adjacent side: tan(f) = ng—m.

jacent

For example, if a triangle has an angle 6 = 45°, and the adjacent side is 1 unit, then both
the opposite and adjacent sides are equal. So, tan(45°) = = 1, and sin(45°) = cos(45°) =
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\/75. These values are often used in practical scenarios such as designing ramps, modeling
reflections in computer graphics, and calculating phase shifts in signal processing.

21.3 Unit Circle and Trigonometric Functions

The unit circle is a powerful tool to extend the definitions of trigonometric functions to all
real numbers. It is a circle centered at the origin with a radius of 1. Any angle 6 drawn
from the positive x-axis corresponds to a point on the circle. The coordinates of this point
are (cos(f),sin(0)), providing a geometric meaning to these functions.

As 0 increases, the point on the unit circle rotates counterclockwise. This helps define
sine and cosine for angles greater than 90°, and even for negative angles. For example, for
0 = 180°, the point on the circle is (—1,0), so cos(180°) = —1, sin(180°) = 0.

Another example: at § = 270°, the point is (0,—1), which implies cos(270°) = 0,
sin(270°) = —1. These representations are particularly useful in animation systems, pe-
riodic motion modeling, and physics simulations used in robotics or Al-powered physical
environments.

P = (cosf,sin0)

sin @

Figure 21.1: Improved unit circle diagram showing point P = (cos 6, sin #) and its projections.

21.4 Applications in Al

Trigonometry in Al goes far beyond geometry. Many Al algorithms rely on mathematical
similarity between vectors, which is where trigonometric identities and formulas are essential.
For example, when comparing feature vectors in a recommendation system, the similarity in
direction—rather than magnitude—is key.

A practical use is in robotics, where angles are used to calculate joint positions and
orientation. If a robotic arm rotates by € = 30°, the sine and cosine functions can calculate
how far its tip moves in the x and y directions. Similarly, computer vision systems use angles
between vectors to track object motion and orientation in 3D space.

Trigonometry is also useful in data visualization techniques like t-SNE or PCA, which
involve projecting high-dimensional data into lower dimensions. These projections often
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require transformations that involve angular relationships, such as rotations and orthogonal
transformations.

Cosine Similarity in Al

One of the most important applications of trigonometry in Al is cosine similarity, which
measures the angle between two non-zero vectors. This metric is widely used in natural
language processing (NLP) and recommendation systems to assess how similar two items or
documents are, regardless of their magnitude.

Cosine similarity between vectors A and B is defined as:

A-B
Cosine_similarity(A, B) = W,
where A - B is the dot product of the vectors and || Al| is the Euclidean norm.
For example, if document vectors are:

A=[1,2, B=[24],

then:
A-B=1x24+2x4=10, |A|=+5, |B| =20,
B I ]
V5-v20
indicating perfect alignment (i.e., they represent the same topic directionally).
In NLP, word and sentence embeddings (like Word2Vec or BERT vectors) use cosine

similarity to match queries with relevant documents. In recommender systems, it’s used to
find items similar to a user’s preferences by comparing feature vectors.

cosine _similarity(A, B)

Summary

In this chapter, we explored the foundational concepts of trigonometry, focusing on trigono-
metric ratios and their extension through the unit circle. We saw how sine, cosine, and
tangent relate to right-angled triangles, and how these functions can model periodic behav-
ior and geometry in multiple fields.

Through practical examples and figures, we also learned how trigonometric principles
are applied in AI-—especially in robotics, computer vision, and text analysis. Notably, cosine
similarity provides a critical application of trigonometric ideas to measure how similar two
vectors are, enabling powerful applications in modern machine learning systems.

Understanding trigonometric functions is essential for developing and analyzing AT mod-
els that deal with multidimensional data, spatial relationships, and pattern recognition in
both structured and unstructured environments.
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Chapter 22

Limits and Continuity

22.1 Understanding Limits

The concept of a limit is foundational to calculus and plays a central role in analyzing how
functions behave as inputs approach specific values. Rather than requiring that a function
be defined at a point, a limit asks what value the function seems to be approaching. This is
crucial in many fields of science and engineering, especially when analyzing systems where
behavior near a boundary or singularity matters.

For instance, consider the function f(z) = % At x = 1, the function is undefined
due to division by zero. However, simplifying gives f(z) = z + 1 for z # 1. Asz — 1,
f(z) — 2, so we say the limit exists and equals 2. Even though the function is not defined
at 1, its limit still makes sense and can be used in broader mathematical contexts.

Another common example involves trigonometric functions. Take f(z) = Si‘;r, which is
undefined at x = 0, but as x — 0, the limit approaches 1. This limit plays an important role
in deriving Taylor series and appears in signal processing. Similarly, in financial modeling,
a function describing compound interest might behave erratically at x = 0, yet its limiting
behavior ensures stability for predictions.

Limits also explain asymptotic behavior, where a function grows extremely large or
small. The function f(z) = % has a vertical asymptote at x = 0. As x approaches 0 from
the left, the function trends to —oo; from the right, it trends to +o0o. This divergence is

handled rigorously using one-sided limits.

22.2 Techniques for Evaluating Limits

There are multiple techniques for evaluating limits, each suited to different types of functions.
The simplest is direct substitution, where the value is plugged directly into the function.
If the function is continuous at the point, this will yield the correct limit. For example,
lim, »(32%2 +5) = 3(2)2 +5 = 17.

However, many useful functions produce indeterminate forms like 8 when directly
substituted. In such cases, techniques like factoring, ratiorz)alization7 or usinzggC l;ﬁ;)g)n

limits are used. Take f(z) = “f __24. Plugging in x = 2 gives ;. Factoring gives “~—>-—,

and canceling yields z + 2. Thus, lim, s f(z) = 4.
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Figure 22.1: The function f(z) = % demonstrates vertical asymptotic behavior at x = 0.

Another useful method is rationalization. Consider f(z) = % as x — 3. Substi-
tuting directly gives g. Multiplying numerator and denominator by the conjugate v/x + 1+2
eliminates the radical and allows simplification.

Special limits are often applied in trigonometric functions. A classic example is:

sin x

lim =1.
z—0

This limit is fundamental in calculus, especially in the derivation of derivatives for trigono-
metric functions. It’s also essential in signal processing applications.

In Al, these limit-evaluation techniques form the basis for calculating gradients and
behavior near boundary conditions of loss functions. For example, optimization algorithms
often rely on evaluating changes in a cost function, which conceptually requires understanding
how small perturbations affect the overall system.

22.3 Continuity of Functions

A function is continuous at a point if its limit at that point exists and equals the value of
the function. Mathematically, a function f(x) is continuous at z = a if:

lim f(x) = f(a).

r—a

This implies no jumps, breaks, or holes in the function’s graph at that point. Continuity
ensures predictable behavior and is essential for mathematical modeling and simulations.

Polynomials, such as f(z) = 23 —2z+1, are continuous everywhere. However, piecewise
functions often are not. Consider:

x? if v <1,
f(gj)_{3a;—2 if x> 1,
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To determine continuity at z = 1, check the left-hand limit, right-hand limit, and func-
tion value. If all agree, the function is continuous. In this example, lim, ,;- f(z) = 1,
lim, 1+ f(z) =1, and f(1) = 1, so the function is continuous at 1.

On the other hand, consider a jump discontinuity:

f(33)={2 x <0,

5 x>0.

Here, the left-hand and right-hand limits do not match, so f is not continuous at x = 0.
This type of discontinuity has practical consequences. In robotics, for example, if the control
function jumps unexpectedly, the system might fail.

Understanding continuity is critical in neural networks. Smooth activation functions like
the sigmoid ensure continuous behavior during learning. If activations were discontinuous,
gradient-based learning would not be possible.

1)

Figure 22.2: A function with a jump discontinuity at = = 1.

22.4 Applications in Al

In artificial intelligence, limits and continuity are fundamental to optimization and learn-
ing algorithms. Consider gradient descent, one of the most widely used algorithms for
training neural networks. This technique requires calculating the derivative of a loss func-
tion, which in turn relies on limits. Without limits, derivatives—and hence the entire
method—would not exist.

Continuity ensures that small changes in parameters (like weights in a neural network)
lead to small changes in outputs. This stability is crucial for learning algorithms. For
instance, the sigmoid activation function:

B 1
S 14w

()

is continuous and differentiable, allowing it to propagate error signals during backpropaga-
tion.
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Another application lies in loss landscapes. Consider the mean squared error function
L = L% (y; — 4;)* Its smooth, continuous nature allows algorithms to compute gradients
efficiently. If L were not continuous, the algorithm could oscillate or get stuck.

In reinforcement learning, limits model expected returns as time approaches infinity. For
example, discounted returns G; = R; + YR;11 + V*Riqa + ... converge if v < 1, representing
a limit of infinite sums.

Summary

This chapter explored the foundations of limits and continuity. Limits help us analyze
the behavior of functions near specific values—even when those values are undefined. We
examined techniques like factoring, substitution, and rationalization, and applied limits to
understand continuity. These ideas are not abstract—they underpin modern Al systems,
from neural networks to reinforcement learning.
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Chapter 23

Derivatives and Differentiation

23.1 What Is a Derivative?

The derivative is one of the most important ideas in calculus. It tells us how a function
changes — in other words, it measures the rate of change or the slope of the function at
a certain point. If a function represents distance over time, the derivative gives the speed.
If it represents cost over quantity, the derivative gives marginal cost.

Formally, the derivative of a function f(x) at a point x = a is defined as the limit:

) — pim L0 = S)

h—0 h

This formula represents the slope of the secant line between two points on the function as
they get infinitely close. If the limit exists, it becomes the slope of the tangent line to the
function at that point.
For example, consider the function f(x) = z*. The derivative at = = 3 is:
(x4+h)?—a® . 2zh+h*

f'(z) = lim ~———— = lim

2x.
h—0 h h—0 h o

So at x = 3, the slope is 2 x 3 = 6.

Another example: let f(r) = sin(x). Then f’(x) = cos(z), so at = 7, the slope is 0.
This tells us the curve of the sine function flattens out at that point.

In Al the concept of derivatives shows up in backpropagation. The gradient (a gener-
alization of derivatives for multiple variables) tells the model which direction to adjust its
parameters to reduce error. Without derivatives, learning would not be possible.

23.2 Basic Differentiation Rules

Once the concept is understood, rules of differentiation make it easy to find derivatives
without using limits every time. Here are the most common rules:

e Constant Rule: If f(z) = ¢, then f'(z) = 0.

e Power Rule: If f(z) = 2", then f'(z) = na" L.
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e Sum Rule: If f(z) = g(z) + h(x), then f'(z) = ¢'(z) + W' (x).

e Product Rule: If f(z) = g(z) - h(x), then

e Quotient Rule: If f(z) = Li) then

e Chain Rule: If f(z) = g(h(z)), then
f'(x) = g (h(x)) - B (2).

Let’s look at an example using the chain rule. Suppose f(z) = (3z+2)°. Let u = 3z +2,
then f(z) = u®. Then:

d
f(x) = 5u?- é — 5(3z +2)* -3 =15(3z + 2)*.

Another example: f(z) = 2 + 22 + 1. Using the power and sum rules:
f(z) = 32" + 2.

In neural networks, these rules are used extensively when computing derivatives of
activation functions and loss functions.

23.3 Graphical Interpretation of Derivatives

A derivative tells us the slope of the tangent line at a point. If the derivative is positive, the
function is increasing; if negative, the function is decreasing; and if zero, the function has a
flat slope — possibly a maximum, minimum, or saddle point.

For the function f(x) = 23 — 3z, we find the derivative:

f'(z) = 32% - 3.

Setting this equal to 0 gives x = £1. At these points, the slope is zero, indicating local
extrema — crucial in optimization tasks.

23.4 Applications in Al

Derivatives are used everywhere in Al, especially in optimization and learning. Some key
applications include:
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Plot of f(x) =2 — 3x

/(=)
10 |

Figure 23.1: Graph of the function f(z) = z® — 3z, which helps illustrate critical points and
inflection points in calculus.

e Gradient Descent: This algorithm finds the minimum of a loss function by computing
derivatives and moving in the opposite direction of the gradient. The learning process
is a walk downhill on the loss landscape.

e Backpropagation: During training of neural networks, the chain rule is used to
calculate the gradient of the loss function with respect to weights across layers. This
allows the network to adjust weights to minimize error.

e Activation Functions: Functions like ReLLU, sigmoid, and tanh have known deriva-
tives that influence how error is propagated through the network. For instance, the
sigmoid derivative is:

o(z) = , d(x)=0(x)(1 —o(x)).

e Loss Function Derivatives: Derivatives of loss functions, such as mean squared
error or cross-entropy, guide parameter updates. For example, for MSE:

1 dL
L=— i — 0:)°, = —2(y; — i)
=D (i =) P U )

Derivatives help ensure learning is stable and efficient. Without them, most modern
machine learning techniques would not work.

Summary

Derivatives provide a way to measure how functions change. They are the foundation of cal-
culus and essential for optimization, physics, economics, and machine learning. From simple
polynomials to complex neural networks, derivatives are used to guide change, minimize
error, and understand behavior.

Whether computing the slope of a line or fine-tuning billions of parameters in a trans-
former model, derivatives are at the heart of intelligent systems.

109



23. Derivatives and Differentiation

References
e Stewart, J. (2015). Calculus: Early Transcendentals (8th ed.). Cengage Learning.
e Goodfellow, 1., Bengio, Y., & Courville, A. (2016). Deep learning. MIT Press.

e Strang, G. (2016). Introduction to Linear Algebra (5th ed.). Wellesley-Cambridge
Press.

110



Chapter 24

Applications of Derivatives

24.1 Introduction

Derivatives are not just a tool for analyzing change—they are a cornerstone of applied math-
ematics and have a wide range of uses in real-world contexts. From physics and economics
to computer science and artificial intelligence, understanding how quantities change allows
us to model, predict, and optimize systems.

For instance, in the context of Al training, the rate of change of a loss function with
respect to model parameters is crucial. Derivatives help identify how changes in weights
affect performance. In financial modeling, derivatives provide insight into trends, rates of
return, and inflection points, guiding strategic investment decisions.

In this chapter, we explore practical uses of derivatives including optimization, motion
analysis, curve sketching, and more, culminating in their applications in AI and machine
learning. Each section is enriched with real-world examples to bridge theory and practice.

24.2 Optimization Problems

One of the most common applications of derivatives is in solving optimization problems—finding
maximum or minimum values of functions. This is especially useful in engineering, eco-
nomics, and machine learning.

Suppose a company wants to minimize the cost of packaging. If the surface area and
volume of a cylindrical can are related, we can use derivatives to find the radius and height
that minimize material use. By taking the derivative of the cost function and setting it to
zero, we find critical points that lead to optimal design.

Another case involves maximizing profit. If a product’s revenue and cost functions are
known, we can compute the derivative of the profit function and find where the derivative
equals zero to locate maximum profit. For example, if revenue is R(x) = 100z — x? and cost
is C'(x) = 20z, then profit is P(x) = R(z) — C(x), and its maximum can be found by solving
P'(z) =0.

In AI, optimization plays a central role. Gradient descent is a technique that uses
derivatives (gradients) to minimize the loss function in neural networks. Each iteration
computes the slope of the loss function with respect to weights and updates the model to
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converge to the minimum. This derivative-based method ensures that large-scale Al models
learn efficiently.

24.3 Motion and Rates of Change

In physics, the derivative of position with respect to time gives velocity, and the derivative
of velocity gives acceleration. These concepts apply to any quantity that changes over time.

For example, consider a car moving along a straight path with position function s(t) =
4t 4 2t. The velocity is v(t) = s/(t) = 8t + 2, and the acceleration is a(t) = v/(t) = 8. These
functions tell us how the car speeds up or slows down.

In another case, water being poured into a container might follow a volume function
V(t) = 5t3. The rate at which water enters the container is V'(t) = 15¢%, showing how flow
speed increases over time.

This concept of rates of change is crucial in Al systems that deal with temporal data. In
reinforcement learning, agents must estimate the rate at which rewards are accumulated
over time. Similarly, in predictive modeling, the derivative of a time series helps identify
trends and seasonality in data, improving forecast accuracy.

24.4 Curve Sketching and Analysis

Derivatives are essential in sketching curves and understanding the geometry of functions.
By examining the first and second derivatives, we can identify intervals of increase and
decrease, concavity, and points of inflection.

Consider the function f(z) = 23—3x?+2. Taking the derivative, we get f'(z) = 32%—6u,
and solving f'(z) = 0 yields critical points at + = 0 and « = 2. A second derivative
f"(x) = 6x — 6 helps determine concavity. This analysis allows us to sketch the graph
accurately, highlighting key features.

Another example is g(x) = In(x). The derivative ¢’(z) = 1/x shows that the function
increases for z > 0, and the concavity given by ¢”(x) = —1/2? indicates the function is
concave down throughout its domain.

Figure 24.1 illustrates such a graph, where derivative analysis reveals important prop-
erties such as maxima, minima, and inflection points.

In Al this type of curve analysis is used in understanding loss surfaces. The landscape
of a loss function, including local minima and saddle points, determines how easily a model
can learn during training. Knowing where the curve bends helps engineers design better
optimization algorithms.

24.5 Applications in Al

Derivatives are deeply embedded in many AI and machine learning algorithms. In training
neural networks, the goal is to minimize a loss function that measures how far the model’s
prediction is from the actual value. This is achieved through gradient descent, which relies
on computing partial derivatives of the loss function with respect to weights.
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Graph of f(z) = 2% — 32?2 + 2
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Figure 24.1: Sketch of f(x) = x® — 32 + 2 showing local extrema at (0,2) and (2,-2).

Consider a neural network trained to recognize handwritten digits. Each pixel con-
tributes to the input vector, and the model’s weights are updated by computing gradients.
This process allows the network to "learn" from errors by adjusting parameters in the di-
rection that reduces the loss. Without derivatives, this feedback mechanism would not be
possible.

Another use case is in adversarial training. Slight changes in input images, known as
perturbations, can drastically affect model predictions. Derivatives are used to craft these
changes by measuring sensitivity—how much the output changes with respect to input
variation.

In reinforcement learning, agents aim to maximize expected rewards over time. The
policy gradient method uses derivatives to adjust the agent’s behavior in a way that
improves performance. Figure 24.2 shows a sample loss function surface, helping visualize
how gradients guide parameter updates.

These applications show how crucial derivatives are to building, training, and improving
AT systems. Whether in image classification, natural language processing, or autonomous
decision-making, derivatives drive the learning process.

Summary

In this chapter, we explored several applications of derivatives, from optimization and motion
to curve sketching and Al systems. We learned how to find maxima and minima, analyze
motion through velocity and acceleration, and sketch functions using the first and second
derivatives.

We also saw how these mathematical tools are indispensable in training AI models,
designing intelligent systems, and refining model behavior. Derivatives are not just a theo-
retical construct—they are part of the mathematical backbone of artificial intelligence and
modern computation.
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3D Surface of a Sample Loss Function

Loss

0

Figure 24.2: 3D surface plot of a sample loss function, commonly used to visualize optimiza-
tion landscapes in Al training.

Mastering their applications gives you the ability to solve practical problems and unlock
insights in fields as diverse as robotics, finance, data science, and deep learning.
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Chapter 25

Integration, Techniques and Applications

25.1 Understanding Integration

Integration is a fundamental concept in calculus that is essentially the reverse process of
differentiation. While derivatives are concerned with rates of change, integrals are used to
calculate the accumulation of quantities, such as areas under curves, total distances, and
volumes. At its core, integration helps to understand how quantities build up over time or
space.

A basic example is calculating the area under the curve of a function f(z) = 2? from
x =0 to x = 2. Using integration, this is computed as:

2 372
/ e = | 2| = 5
0 31, 3
This tells us that the area under the curve from 0 to 2 is exactly %, a concept that wouldn’t
be obvious just by looking at the graph.

Another practical example is finding the total distance a car travels when its speed
varies with time. If a car’s velocity at time ¢ is given by v(t) = 3t?, then the total distance

covered from t =0 to ¢t = 4 is:
4 43 4
/ 3t*dt =3 {—} = 64
0 3 1o

This result means the car travels 64 units of distance during that time interval.

25.2 The Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus connects differentiation and integration. It states
that if f is continuous on an interval [a,b], and F is an antiderivative of f, then:

[ 1)z =P - Fla

This theorem simplifies the process of integration by showing that to evaluate a definite
integral, we just need to find an antiderivative and compute the difference at the endpoints.
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Consider a function f(x) = 42%. An antiderivative is F(z) = z*. Then,

2
/ 423 dx = z*
1

This shortcut replaces the need for estimating area using rectangles or numerical methods.
Another example is with f(z) = cos(x). An antiderivative is sin(x), and we compute:

2
=2 _1*=16—-1=15
1

w/2 T
cos(z)dx =sin|{—=) —sin(0)=1-0=1
| eosa) (Z) - sin(0)

This tells us the total accumulated cosine value over that interval is 1, a useful result in
physics and engineering problems involving waves.

25.3 Basic Techniques of Integration

There are several methods of integration used to handle different kinds of functions. Some
of the most common techniques include:

25.3.1 Substitution

Substitution is used when an integral contains a function and its derivative. It simplifies the
integral into a basic form.
For example:

/Qx cos(z?) dx
Let v = 22, then du = 2z dz. The integral becomes:

/cos(u) du = sin(u) + C = sin(z?*) + C

This method is useful when the integrand is the composition of two functions, like
sin(3z% 4+ 1).

25.3.2 Integration by Parts

This method is based on the product rule for derivatives. The formula is:

/udv:uv—/vdu
/xexdx

Let u = x, dv = e*dx, then du = dx, v = e*. So,

An example:

/:L'e’”d$::Bex—/exdx:xex—ex—i—c

This technique is especially helpful when integrating the product of a polynomial and
an exponential or trigonometric function.
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25.3.3 Partial Fractions

Partial fraction decomposition is used to break down rational expressions into simpler frac-

tions.
/x21—1d$:/(2(a:1—1) - 2(xl+1))d$

Example:
Lnje— 1= imjet1)+c
5|z 5z

Solving:

This method is powerful for rational expressions and is essential for more complex
symbolic computation systems.

25.4 Applications in AI and Machine Learning

Integration plays an essential role in various areas of artificial intelligence and machine
learning, particularly in optimization, probability, and learning theory.

For example, in probability theory, many models use continuous probability distri-
butions such as the normal distribution. To find the probability that a variable falls within
a range, we compute the integral of the probability density function (PDF) over that inter-
val. This is crucial in Bayesian methods where we often calculate posterior probabilities
using integrals.

Another example is in training neural networks, where we use integrals to understand
loss surfaces. Suppose we are modeling the loss function over a continuous parameter space;
to visualize the surface or average out some noise, we often integrate over regions.

Smooth Cost Function Surface

2 2 W

Ws

Figure 25.1: Illustration of a convex loss surface in Al model training.

Lastly, in reinforcement learning, agents often use expected reward, which is cal-
culated using integration when outcomes are continuous. These expected values guide agents
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toward better decisions and policies.

25.5 Visualizing Accumulated Area

To better understand the idea of accumulation, consider the function f(x) = x. Its graph is
a straight line through the origin. The area under the curve from 0 to 4 forms a triangle.

Accumulated Area Under f(z) = x

 f(x)

Il Il Il il x |
1 2 3 4 )

Figure 25.2: Visual area under the curve of f(z) =z from 0 to 4.

This triangle has area:

4 214
Area:/xdxzr—} :E:E%
0 2

This type of visualization helps learners connect algebraic integration with geometric inter-
pretation.

Summary

Integration is a powerful tool that extends the reach of calculus from just measuring rates
of change to calculating accumulated quantities. From simple area calculations to solving
real-world problems in physics, economics, and Al, integration forms a critical pillar in both
theory and practice. The fundamental theorem serves as the bridge connecting derivatives
and integrals, while techniques such as substitution and integration by parts expand our
toolbox for handling complex expressions. In Al, where we often work with continuous data
and models, integration helps model behavior, understand uncertainty, and optimize learning
systems.
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Chapter 26

Partial Derivatives and Gradient

26.1 Understanding Partial Derivatives

Partial derivatives extend the concept of derivatives to functions of more than one variable.
In single-variable calculus, a derivative tells us how a function changes as its single input
changes. But in multivariable calculus, functions depend on several variables, so we use
partial derivatives to measure how the function changes with respect to just one of those
variables while holding the others constant.

For instance, suppose we have a function f(z,y) = x? + y?. The partial derivative with
respect to x is % = 2x, and with respect to y, it’s g—g = 2y. These derivatives show how the
function changes if we vary x while keeping y fixed, or vice versa. If we consider the point
(3,4), then %(3,4) = 6 and 2—5(3,4) = 8, which indicate the steepness of the function in
each direction.

In a physical context, imagine a hill represented by the height function h(z,y). The
partial derivative % tells us the slope of the hill in the east-west direction, and g—;‘ tells us the
slope in the north-south direction. If the hill’s surface is described by h(x,y) = 10 — z? — ¢,
then the partial derivatives at point (1,2) are —2x = —2 and —2y = —4, respectively.

Partial derivatives are foundational for later topics such as the gradient and optimiza-
tion. They’re also used in physics for analyzing how temperature, pressure, or other proper-

ties vary in space.

26.2 The Gradient Vector

The gradient is a vector that combines all the partial derivatives of a function. It points in
the direction of the greatest rate of increase of the function and its magnitude tells us how
steep that increase is. If f(x,y) is a function of two variables, then the gradient is written

as:
_ (9f of
Vi= (8x’8y)

Take the example f(z,y) = 32? + 2y. The gradient is V f = (6z,2). At the point (1,2),
this becomes (6,2), meaning the function increases fastest in the direction of the vector
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Surface Plot of f(z,y) = z* + y?

> 22 x

Figure 26.1: A paraboloid surface showing change in = and y.

(6,2). If you're hiking on a mountain described by this function, the gradient tells you
which direction is steepest upward.

Another example: for the function f(z,y) = xy, we compute % = y and 3—5 = .
Therefore, Vf = (y,z). At point (2,3), the gradient becomes (3,2), guiding us toward the
direction of maximum increase of the surface defined by xy.

A third example: Consider f(z,y,z) = z + y* + 2%, Its gradient is Vf = (1, 2y, 32%),
indicating how the function changes in 3D space.

Gradient Direction at Point (1,2)

51y
2 | /
L
x
05 1 15 2 25 3

Figure 26.2: The gradient vector pointing in the direction of steepest ascent.

The gradient is vital in optimization because it helps us find minima and maxima of
functions. It’s also the core of algorithms like gradient descent in machine learning.
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26.3 Applications in AI and Machine Learning

In artificial intelligence, especially in training models like neural networks, we constantly
optimize functions that measure error or loss. The gradient tells us how to change the
model’s parameters to reduce that loss. This is the essence of gradient descent, one of the
most commonly used optimization algorithms in machine learning.

For example, if a neural network has parameters wy, ws, and a loss function L(wy,wsy) =
(wy — 2)% + (wy + 3)?, the gradient is VL = (2(w; — 2), 2(wy + 3)). Starting at (0,0), we get
VL = (—4,6), which tells us how to adjust w; and wy to reduce the error.

Another instance is in support vector machines (SVMs), where we try to find a
hyperplane that separates two classes. This involves solving an optimization problem with
constraints, and gradients are used to guide the solution iteratively toward the optimal
separator.

In reinforcement learning, agents adjust their behavior based on rewards. When
rewards are continuous and parameterized, we calculate the expected reward gradient to
improve the policy. This is especially important in algorithms like policy gradients, where
the gradient of the reward with respect to action probabilities is computed to learn better
strategies.

Suppose an Al system is estimating customer savings over time using a model like
S(t) = 500t — 20t?. To find when savings peak, we take the derivative % = 500 — 40¢, and
solve 500 — 40t = 0 yielding t = 12.5. At this point, the savings hit a maximum, which is
$3,125, written as 500(12.5) — 20(12.5)? = $3,125.

The gradient and partial derivatives form the mathematical backbone of much of modern
Al optimization, from language models to self-driving algorithms.

Summary

Partial derivatives let us study how a function changes with respect to each of its input
variables, while the gradient vector combines this information into a single directional
tool. These concepts are essential not only in calculus but also in data science, Al, and
engineering.

We’ve seen that partial derivatives help analyze real-world systems like landscapes and
motion, while the gradient guides us through optimization problems. In Al, where mod-
els often have millions of parameters, efficient gradient calculations allow these models to
improve through learning.

By understanding these foundational concepts, we gain deeper insight into how modern
algorithms operate under the hood, how they improve over time, and how they ultimately
learn from data.
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Chapter 27

Fourier Series and Transformations

27.1 Introduction to Fourier Series

Fourier Series help us express a periodic function as a sum of sine and cosine terms. This is
useful when analyzing complex signals, such as sound waves or patterns in data. The idea
is that even very complicated periodic waveforms can be written as a combination of simple
sine and cosine waves.

Suppose we have a periodic function f(z) with period 27. Its Fourier Series is given by:

flx)=ao+ Z (ay, cos(nx) + by, sin(nzx))

n=1
where the coeflicients are calculated as:

1 [ 1 [ 1 [7
ap = —/ flz)dz, a,= —/ f(x)cos(nz)dx, b, =— f(x)sin(nx) dx
2 J_. ™) . L -
For example, consider the square wave function defined by f(x) =1 for 0 < z < 7, and
f(z) = =1 for —m < x < 0. Its Fourier series includes only sine terms:

flz) = 4 (sin(x) + 1sin(331:) + 1sin(531:) + - >
s 3 )

This representation allows us to approximate the square wave using just a few sine functions.

Another example is the sawtooth wave: a function that increases linearly and jumps
back to the starting point at the end of each period. It can also be represented using sine
terms with decreasing amplitude.

In practice, Fourier Series is used in compression (e.g., MP3 audio), where a signal is
approximated using only the most important sine and cosine terms, saving storage while
keeping quality.

27.2 Fourier Transform: From Time to Frequency

While Fourier Series deal with periodic functions, the Fourier Transform allows us to ana-
lyze non-periodic functions. It transforms a signal from the time domain into the frequency
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domain. This is crucial in understanding the structure of signals that don’t repeat exactly,
such as human speech or sensor readings.
The Fourier Transform of a function f() is defined as:

Flw) = /_ T et at

Here, w represents angular frequency, and the transform gives us a function F'(w) showing
how much of each frequency is present in the original function.

For example, if we apply the Fourier Transform to a Gaussian function f(t) = et we
get another Gaussian in the frequency domain, showing that the signal contains a wide range
of frequencies centered at zero.

Another example: if we take a short pulse of current, the Fourier Transform tells us
that this pulse contains many different frequencies, which explains why it can interfere with
many electronic systems.

A third application: a sine wave f(f) = sin(5¢) has a Fourier Transform that shows
energy concentrated at one frequency, w = 5. This helps engineers isolate specific signals in
communication systems.

27.3 Applications in AI and Machine Learning

Fourier methods are widely used in artificial intelligence and machine learning, espe-
cially when dealing with signals, images, or patterns over time.

In image processing, the 2D Fourier Transform is used to filter noise, compress
images, and detect features. For instance, the JPEG compression algorithm applies a form of
Fourier analysis (Discrete Cosine Transform) to reduce image size while keeping important
details.

In natural language processing, Fourier Transforms can be used to identify repetitive
patterns in text or detect rhythms in speech for voice recognition. Time-frequency analysis
helps systems understand not just what sounds are present, but when they occur.

In neural networks, Fourier features have been used to improve generalization. For
example, positional encoding in transformers uses sinusoidal functions, which are closely
related to Fourier analysis. These functions help models understand sequence positions
effectively.

Suppose we have time series data showing electricity usage every hour. A Fourier
Transform can highlight daily or weekly cycles in the data. This insight helps Al models
predict future usage more accurately, optimize grid performance, and detect anomalies like
power theft or failure.

Another use: in convolutional neural networks (CNNs), the convolution opera-
tion in the spatial domain is equivalent to multiplication in the frequency domain. Some
optimizations use Fourier Transforms to perform convolution more efficiently, especially for
large images.
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27.4 Discrete Fourier Transform and Fast Fourier Trans-
form

In practice, we deal with digital data, not continuous functions. The Discrete Fourier
Transform (DFT) applies Fourier analysis to a sequence of data points. If zg, z1,..., 251
are data samples, the DFT is:

N—-1
Xp=> ape Nk =0,1,...,N—1
n=0

The DFT tells us which frequencies are present in the data and how strong they are.
It’s commonly used in speech analysis, music generation, and anomaly detection in signals.

The Fast Fourier Transform (FFT) is an efficient algorithm to compute the DFT.
Instead of O(N?) time, it only takes O(N log N), which makes it extremely useful for large
datasets.

For example, an Al system monitoring machine vibrations can use FF'T to detect abnor-
mal frequency patterns that may signal an engine fault. This predictive maintenance helps
prevent failures and saves costs.

Another example is voice synthesis: by analyzing frequencies in real speech with FFT,
Al can generate realistic human voices.

Summary

Fourier analysis breaks down functions into simpler frequency components. Fourier Series
help with periodic functions, while the Fourier Transform handles general signals. Their
discrete versions (DFT and FFT) are essential for digital applications.

In AT and machine learning, Fourier techniques enable image filtering, speech analy-
sis, signal denoising, and more. They also power optimizations and help us understand data
patterns across time and space.

Whether we’re compressing images, analyzing rhythms in language, or speeding up
convolution, Fourier mathematics plays a silent but powerful role in the background of many
Al systems.
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Chapter 28

Vectors, Vector Spaces, and Subspaces

28.1 Introduction to Vectors

Vectors are mathematical objects that represent both a direction and a magnitude. They
are used in many areas of science and engineering to represent physical quantities like force,
velocity, and displacement. In AI and machine learning, vectors are used to represent data
points, weights in models, and many other quantities. For example, a data point in a dataset
might be represented as a vector & = (x1, T, ..., z,,), where each component corresponds to
a specific feature.

A vector in two dimensions can be written as ¥ = (z,y). For instance, the vector
U = (3,4) has a magnitude of v/3% + 42 = 5, which corresponds to the Euclidean distance
from the origin. In three dimensions, we might write @ = (1, —2,5), which could represent a
spatial movement in 3D space or a vector of features in an Al model.

Vectors can be added, subtracted, and scaled by scalars. Suppose @ = (1,2) and b =
(3,4). Their sum is @ + b = (4,6), and if we scale @ by 2, we get 2@ = (2,4). These
operations are essential in linear algebra. For example, in gradient descent algorithms, we
update weights by subtracting scaled gradient vectors.

To help visualize this, imagine plotting the vectors @ and bon a 2D plane. The vector
addition corresponds to placing the tail of b at the head of a, and the resulting vector points
from the origin to the head of b. See Figure 28.1.

131



28. Vectors, Vector Spaces, and Subspaces

U

Figure 28.1: Vector addition of @ = (1,2) and b = (3,4)

Vectors are the foundation of many operations used in neural networks, such as dot
products, norms, and vector projections.

28.2 Vector Spaces

A vector space is a set of vectors that can be added together and multiplied by scalars,
and still remain in the set. This idea is powerful because it allows us to define consistent
algebraic structures. For instance, R2, the set of all 2D real-valued vectors, is a vector space.

Consider the vectors @ = (1,0) and ¢ = (0,1) in R%  Any linear combination =
atl + b = (a, b) still lies in R?. Similarly, in higher dimensions like R?, a combination like
3(1,0,0) +2(0,1,0) +5(0,0,1) = (3,2,5) is still in R3.

For a set to qualify as a vector space, it must follow specific properties: - It includes
a zero vector such as (0,0) in R?. - It is closed under vector addition: adding any two
vectors from the space gives another vector in the same space. - It is closed under scalar
multiplication: multiplying any vector by a real number keeps it in the space.

Another common example of a vector space is the set of polynomials of degree less than
or equal to n. These polynomial functions can be added and scaled and still remain within
the set.

These rules ensure that we can do linear algebra on the set—this includes solving systems
of linear equations, finding linear combinations, and applying transformations.
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28.3 Subspaces

A subspace is a subset of a vector space that is itself a vector space under the same operations.
This means that a subspace must satisfy three criteria: 1. It contains the zero vector. 2. It
is closed under vector addition. 3. It is closed under scalar multiplication.

Let’s examine the set of vectors (,0) in R?. This is a line along the x-axis. It includes
the zero vector (0,0), the sum of any two such vectors is another such vector, and multiplying
any of them by a scalar also results in a vector of the same form.

Another example is the plane defined by z = 0 in R3?, which consists of all vectors
(x,y,0). This subset is also a subspace because it meets all the subspace conditions.

Let’s visualize a subspace with a 2D line inside R?. The figure below shows a line
through the origin, which represents a one-dimensional subspace.

Y

subspéée line

Figure 28.2: A 1D subspace (line through origin) in R?

Subspaces are crucial in defining other advanced linear algebra constructs like column
space (span of columns), null space (solution space of homogeneous systems), and row space
(span of rows).

28.4 Examples in Al

Vectors and vector spaces are essential in almost every aspect of Al. In natural language
processing, words are turned into dense vectors using word embeddings such as Word2Vec
or GloVe. For example, the word “king” might be represented as a 300-dimensional vector.
Analogies like “king — man + woman = queen” make sense because these vectors live in a
vector space with meaningful structure.

In computer vision, each image is represented as a long vector of pixel intensities. A
28 x 28 grayscale image becomes a 784-dimensional vector. Operations like convolution and
pooling are applied to these vectors to extract meaningful features.

In recommendation systems, both users and items are mapped to vectors in a shared
space. For example, if a movie has a vector m and a user has a vector , then their dot
product « - m estimates the user’s rating for that movie. Finding the closest item vectors to
a user vector helps recommend similar content.
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Subspaces are used in dimensionality reduction. Principal Component Analysis (PCA),
for instance, projects data onto a subspace that captures the maximum variance. If a dataset
of 1,000 features has most of its variance in 50 dimensions, PCA finds a 50-dimensional
subspace that simplifies computation while preserving information.

These applications show how linear algebra and the concept of subspaces allow Al
systems to model and manipulate high-dimensional data efficiently.

Summary

Vectors describe both direction and magnitude, making them essential in representing data.
A vector space provides a structured environment where vectors can be added and scaled
while preserving algebraic consistency. Subspaces, as smaller vector spaces within larger
ones, are important for simplifying and analyzing data.

Mastering these concepts is key to understanding more advanced linear algebra topics
used in AI, such as linear transformations, eigenvectors, and matrix decompositions.
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Chapter 29

Matrix Operations and Properties

29.1 Introduction to Matrices

Matrices are rectangular arrays of numbers, symbols, or expressions arranged in rows and
columns. They are a fundamental structure in linear algebra and serve as the building blocks
for more advanced mathematical modeling. A matrix can represent systems of linear equa-
tions, transformations, or data structures, making them essential for any domain involving
structured information.
1 2
=g

For example, a matrix
can represent a transformation in two-dimensional space. If we apply this matrix to the

vector
5 1
= ol

A = m ,

indicating a shift in both the x and y directions.

Matrices are also used to represent datasets. For example, a dataset of house prices with
features like square footage, number of bedrooms, and location index can be represented as
a matrix where each row is a house and each column is a feature. This structure allows
for efficient computation and analysis, particularly when scaled to thousands or millions of
rOWS.

the result is

29.2 Matrix Addition, Subtraction, and Scalar Multipli-
cation

Matrix addition and subtraction require that the matrices involved have the same dimensions.
These operations are performed element-wise. Scalar multiplication, on the other hand,
involves multiplying every element in a matrix by a single scalar value.
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Suppose we have two matrices:
2 4 1 3

A+ B-= [3 7]

Their sum is:

11 15

and the result of scalar multiplication by 2 is:

4 8
24 = {12 16}
Consider a financial matrix representing weekly revenue for two departments over two
weeks:
R {500 700]
800 600
To adjust for inflation, we might multiply this matrix by 1.05, increasing each revenue figure
by 5%.

Another practical application appears in image processing, where pixel intensity val-
ues can be represented as a matrix. Brightening an image involves scalar multiplication,
increasing each pixel value while maintaining relative differences.

29.3 Matrix Multiplication

Matrix multiplication is not performed element-wise but by taking the dot product of rows
and columns. If A is an m X n matrix and B is an n X p matrix, their product AB is an

m X p matrix.
1 2 20
=] -l

For example:
am = [ £ (O -] T4 o)
(3)(2) + (4)(1) (3)(0) + (4)(3) 10 12
Matrix multiplication is used in composite transformations. For instance, rotating an
image then scaling it can be represented as:

T=S-R

where R is the rotation matrix and S is the scaling matrix.
In neural networks, multiplying the input vector by the weight matrix at each layer is
the basis for forward propagation. For example, multiplying a feature vector

7= o

0.8 0.2
04 09

with a weight matrix

|

produces the activations for the next layer.
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29.4 Identity, Transpose, and Inverse

The identity matrix acts as the multiplicative identity in matrix algebra. That is, for any
square matrix A,

Al =TA=A

The transpose of a matrix is obtained by flipping it over its diagonal. For instance:
1 2 r |1 3
S B
The inverse of a matrix A, denoted A~!, satisfies:

AATT =ATTA=1T

Not all matrices have inverses. For example, a matrix with a determinant of zero is non-
invertible or singular.
Suppose we want to solve the system:

AX =8B

If A=! exists, then
X=A"'B

This principle is often used in linear regression solutions using matrix algebra.

29.5 Determinants and Their Properties

The determinant of a square matrix provides useful information such as whether a matrix is
invertible and how it transforms volume. For a 2 x 2 matrix:

A= {Z Z} det(A) = ad — be

For example:

A= ﬁ 2} L det(A) = (3)(6) — (8)(4) = 18 — 32 = —14
A non-zero determinant indicates that the matrix is invertible.

In three-dimensional space, a matrix’s determinant describes how volume scales under
the transformation. If the determinant is zero, it means the space is flattened into a lower
dimension.

Determinants are also used in calculating cross products and areas of parallelograms,
which are essential in computer graphics.
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29.6 Geometric Interpretation and Visual Intuition

Matrix operations can be understood geometrically. Matrix multiplication can stretch, ro-
tate, or shear a shape. The determinant tells us how the area (or volume) changes.

The shape above shows two vectors forming a parallelogram. The area of this parallelo-
gram is given by the absolute value of the determinant. Understanding how transformations
affect area and orientation is key in understanding the geometric nature of matrix opera-
tions.

Another visual concept is how the identity matrix keeps the standard grid unchanged,
while other matrices distort the space:

29.7 Applications in Al

Matrix operations are foundational to almost all machine learning and AI models. In su-
pervised learning, data is often organized into a design matrix, with rows as samples and
columns as features. Matrix multiplication allows models to compute predictions efficiently.

In deep learning, forward and backward propagation rely on matrix operations. A neural
network layer computes: .

y=WiI+b
where W is the weight matrix, & the input, and b the bias.

In natural language processing (NLP), word embeddings are often stored in matrices
where each row represents a word vector. Multiplying these vectors with weight matrices
allows models to extract semantic relationships.

Consider a recommendation system that uses matrix factorization. A user-item matrix
is decomposed into two smaller matrices representing latent features. This allows the system
to predict user preferences efficiently, even for unseen items.
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Matrix properties also help reduce computational complexity in large models. Using
sparse matrices or low-rank approximations can accelerate training significantly while pre-
serving performance.

Summary

Matrix operations are powerful tools in both pure mathematics and applied Al systems.
Understanding addition, multiplication, transposition, and inversion enables practitioners to
manipulate and analyze high-dimensional data. The geometric interpretations of matrices
provide deep insight into transformations, making these abstract operations more tangible.
Through applications in machine learning, neural networks, and NLP, matrices form the
computational foundation of artificial intelligence.
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Chapter 30

Tensors and Applications

30.1 What Are Tensors?

Tensors are multidimensional generalizations of scalars, vectors, and matrices. A scalar is a
Oth-order tensor, a vector is a 1st-order tensor, a matrix is a 2nd-order tensor, and anything
beyond that is considered a higher-order tensor. For example, a 3rd-order tensor may be
represented as a cube of numbers—essentially a collection of matrices stacked along a third
dimension.

Consider the example of a grayscale image, which is typically represented as a matrix
of pixel intensity values. If we include multiple color channels (red, green, and blue), we get
a 3rd-order tensor:

Tijr  where ¢ = height, j = width, k& = color channel

This representation allows us to manage complex data structures efficiently, especially in
image and video processing where multiple dimensions coexist.

Another example is time-series data collected across multiple sensors. If each sensor
captures multiple signals over time and across different frequencies, the resulting data may
be represented as a 4th-order tensor. Tensors allow us to model such data in a way that
preserves their multi-dimensional structure.

30.2 Notation and Representation

Tensors are usually denoted using uppercase calligraphic letters such as 7, and the elements
are indexed by multiple subscripts. For instance, 7;;, might represent a value in the i-th
row, j-th column, and k-th depth slice. Just as vectors and matrices can be visualized as
arrows and grids respectively, tensors can be visualized as cubes or hypercubes for higher
dimensions.

To illustrate, consider a 3D tensor 7 with dimensions 3 x 3 x 3. It can be visualized as
three 3 x 3 matrices stacked on top of each other, forming a cube. The element 7331 refers
to the value at the 2nd row, 3rd column of the 1st matrix in the stack.
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Another popular visual is the unfolding or flattening of tensors into matrices, which
allows us to apply matrix techniques like SVD or PCA. Flattening a 3rd-order tensor into a
matrix might involve stacking slices side-by-side or row-by-row.

30.3 Basic Tensor Operations

Tensors support a range of operations including element-wise arithmetic, tensor contrac-
tion (generalization of matrix multiplication), and outer product. Just as with matrices,
dimensions must align appropriately for operations to be valid.

For example, the element-wise sum of two tensors A;j, and B, is:

Cijk = Aiji. + Biji

provided they have the same shape.
Tensor contraction is more complex. Consider two tensors A;j, and By,. Contracting
over index k gives a new tensor:

Cijim = Z Aijie * Biim
k

This is the multidimensional analog of matrix multiplication.

In a practical example, think of a batch of input images (each a 3D tensor) passed
through a convolutional neural network (CNN). The convolution operation is effectively a
tensor contraction between the image tensor and the kernel tensor. This shows how tensor
algebra generalizes matrix operations into higher dimensions.

30.4 Tensor Decomposition

Tensor decomposition refers to techniques that break down a high-dimensional tensor into
simpler parts, analogous to matrix factorizations. Two common forms are the CP decom-
position (CANDECOMP/PARAFAC) and the Tucker decomposition. These are used for
compression, dimensionality reduction, and discovering latent structure in data.

In CP decomposition, a tensor is expressed as a sum of rank-one tensors:

R
T ~ Zar®br®cr
r=1

142



Mathematical and Statistical Foundations of Al

This is useful for compressing large multi-modal datasets, such as user behavior across time
and location.

The Tucker decomposition is more flexible and involves a core tensor and multiple
matrices:

T~Gx; AxyBx3C

where X, denotes the mode-n product. This allows dimensionality reduction in each mode
independently.

For example, a dataset of medical scans over time for different patients can be de-
composed to identify common patterns across all three dimensions (spatial, temporal, and
individual). This decomposition is vital in high-dimensional biomedical signal processing.

30.5 Applications in Al

Tensors are ubiquitous in Al, particularly in deep learning and computer vision. The inputs,
weights, and outputs of layers in deep neural networks are often high-dimensional tensors.
Tensor operations enable efficient computation of gradients, loss functions, and parameter
updates.

One example is the input batch for a CNN. A batch of 32 RGB images of size 64 x 64
is a 4th-order tensor with shape 32 x 64 x 64 x 3. Convolutional filters (kernels) are also
represented as 4D tensors. The entire forward pass of the CNN involves tensor operations
like contraction and broadcasting.

Tensors are also crucial in natural language processing (NLP), where attention mecha-
nisms in Transformer models compute relationships between words using multi-head atten-
tion matrices. These attention matrices are in fact 3rd- or 4th-order tensors that get updated
at each layer of the network.

In reinforcement learning, state-action values can be stored as 3D tensors: one axis for
the state, one for the action, and one for the estimated Q-value. This structure makes it
easy to retrieve and update Q-values during training.

Input Tensor
Convolution

[Feature Maps

Moreover, libraries like TensorFlow and PyTorch are built explicitly for tensor opera-
tions. They provide efficient ways to perform backpropagation and gradient descent across
massive datasets. In fact, the term "tensor" is so central to deep learning that TensorFlow
derives its name from it.
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Summary

In this chapter, we explored the concept of tensors, which generalize scalars, vectors, and
matrices to higher dimensions. We discussed how tensors are represented, visualized, and
manipulated using operations such as element-wise arithmetic and tensor contraction. Tensor
decomposition techniques like CP and Tucker decomposition were introduced as powerful
tools for compressing and analyzing high-dimensional data.

Tensors play a critical role in many Al applications, especially in deep learning architec-
tures such as convolutional neural networks and Transformer models. Their multidimensional
nature makes them essential for handling complex data like images, videos, and language.
We also saw how software frameworks optimize tensor operations to enable scalable machine
learning.

By mastering tensors and their operations, practitioners can build more efficient Al
models capable of handling complex, multi-dimensional datasets.
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Chapter 31

Orthogonality, Projections, and Least
Squares

31.1 Orthogonality in Linear Algebra

Orthogonality is a fundamental concept in linear algebra, especially important in under-
standing vector spaces and their geometric structure. When two vectors are orthogonal,
their dot product is zero, which means they are at a right angle to each other. For instance,
the vectors @ = [1,0] and b = [0, 1] in R? are orthogonal since @ - b = 0.

This concept is particularly useful in simplifying computations. For example, when
dealing with orthogonal vectors in a basis, projections become straightforward. If you have
a vector ¥ and you want to project it onto a subspace spanned by an orthogonal basis, you can
simply compute the scalar projections using the dot product, without worrying about linear
dependencies. In data science, orthogonal features help reduce multicollinearity, improving
model stability and interpretability.

Moreover, orthogonality extends beyond two vectors. An orthogonal set of vectors
satisfies the condition that every pair of distinct vectors is orthogonal. If, in addition, each
vector has unit length, the set is called orthonormal. For instance, i; = [1/v/2,1/4/2] and
ily = [~1/v/2,1/4/2] form an orthonormal basis in R?. These sets are especially important
in the Gram-Schmidt process and QR decomposition, as they simplify transformations and
preserve lengths.

31.2 Projection of Vectors

The projection of a vector ¢ onto another vector « is a way to measure the component of v
in the direction of . Mathematically, it is given by:

L U-U
Projgv = ——=u

u-u

This formula is particularly useful in decomposing vectors. For example, suppose v =
[3,4] and @ = [1,0]. Then, the projection of ¢ onto @ is simply [3,0]. This tells us that [3, 0]
is the component of ¥ in the direction of the x-axis, and the remaining component [0, 4] is
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orthogonal to it.

Projections are not only mathematical tools but also practical in signal processing and
computer vision. When we want to reduce the dimensionality of data while retaining the
most important features, projections onto principal components (in PCA) are widely used.
These projections help reduce noise and computational complexity, while preserving essential
information.

Visually, projection helps to “shadow” a point onto a subspace. For example, if we
imagine a point in three-dimensional space being projected down onto a plane, the resulting
point minimizes the distance to the original in Euclidean terms. This geometric intuition is
foundational in optimization and approximation tasks in machine learning.

=

proj v

£

Figure 31.1: Projection of a vector onto a basis vector

31.3 Least Squares Approximation

When a system of linear equations A7 = b has no exact solution because b is not in the
column space of A, we seek an approximate solution using the least squares method. The
idea is to find the vector Z that minimizes the error ||AZ — b|2.

The least squares solution is derived by solving the normal equations:

AT Az = AT

For example, suppose we want to fit a line y = mz+b to data points (z1,41), - .., (Tn, Yn)-
We can formulate this as a matrix equation using a design matrix, with rows like [z;, 1].
Solving the normal equations gives us the best-fitting parameters m and b that minimize the
squared error.

In practice, least squares is fundamental to linear regression, curve fitting, and system
identification. When dealing with overdetermined systems (more equations than unknowns),
least squares allows us to make sense of noisy data. For instance, if we measure the height
of students with some errors, a least squares line helps estimate the trend.
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31.4 Pseudoinverse of a Matrix

The Moore—Penrose pseudoinverse is a generalization of the matrix inverse for matrices that
are not square or not invertible. It provides a way to compute the least squares solution.
Given a matrix A, its pseudoinverse A" satisfies:

fmin — A+b

This is particularly useful when A is not full rank or when A is rectangular. For example,
if Aisa 3 x 2 matrix and we want to solve AZ = b for some b € R3, we can compute A+
using singular value decomposition (SVD) and find the best approximation .

The pseudoinverse is widely used in machine learning, especially in linear models, when
calculating weights analytically. It’s also essential in control systems, robotics (e.g., inverse
kinematics), and natural language processing when working with embeddings and dimen-
sionality reduction.

31.5 Applications in Al

Orthogonality, projections, and least squares are cornerstones of many Al algorithms. In
neural networks, orthogonal weight initialization ensures that signals neither explode nor
vanish as they propagate through layers. This helps in training deep models effectively.

Least squares plays a vital role in training linear regression models and as a cost function
in many optimization problems. For instance, when minimizing the loss between predicted
and actual outputs, we often use the mean squared error, which is rooted in least squares
theory.

Projections appear in dimensionality reduction techniques such as PCA (Principal Com-
ponent Analysis), where high-dimensional data is projected onto a lower-dimensional sub-
space to reduce complexity while retaining meaningful variance. This improves both speed
and generalization in machine learning tasks.

X2

Original data

Projected data

T

Figure 31.2: Dimensionality reduction via projection in PCA
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Summary

In this chapter, we explored the concepts of orthogonality, projections, least squares, and
the pseudoinverse, all of which form the mathematical foundation for many Al algorithms.
Orthogonal vectors and projections simplify calculations, while least squares and pseudoin-
verses provide solutions in overdetermined and ill-posed problems. Their relevance in neural
networks, regression models, and dimensionality reduction highlights their critical role in
applied Al
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Chapter 32

Fundamentals of Probability and
Combinatorics

32.1 Introduction to Probability

Probability is the branch of mathematics that deals with uncertainty. It provides a structured
framework to quantify the likelihood of different outcomes, which is essential in artificial
intelligence where decision-making often involves uncertainty. In Al systems such as self-
driving cars or medical diagnostic tools, understanding the probability of various events helps
guide rational behavior under uncertainty.

The basic building block of probability is the sample space, which contains all possible
outcomes of a random experiment. For example, if you toss a fair coin, the sample space is
{Heads, Tails}. Each outcome has a probability assigned to it, and the total probability
of all outcomes must equal 1.

Probability follows three key axioms: (1) probabilities are non-negative, (2) the prob-
ability of the sample space is 1, and (3) the probability of the union of disjoint events is
the sum of their individual probabilities. For instance, if the chance of detecting a cat in an
image is 0.3 and a dog is 0.4, and they are mutually exclusive, the chance of detecting either
is 0.7.

32.2 Basic Probability Rules

Several fundamental rules help calculate probabilities of combined events. The addition
rule states that for any two events A and B:

P(AUB)=P(A)+ P(B) - P(ANDB)

This is crucial when events can overlap, such as predicting the probability of an image
containing either a car or a truck in autonomous driving datasets. The multiplication rule
applies when determining the probability of multiple events occurring together. If A and B
are independent, then:

P(ANB) = P(A) - P(B)
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For example, if an Al model independently classifies a cat with 0.6 probability and
a sunny background with 0.8 probability, the joint probability is 0.48. Complementary
rules state that the probability of an event not occurring is:

P(not A) =1 — P(A)

This helps simplify calculations. For example, if the probability of system failure is 0.01,
then the probability of successful operation is 0.99.

32.3 Counting Techniques in Combinatorics

Combinatorics is a mathematical toolset for counting possible configurations, essential in
understanding sample spaces. One basic rule is the fundamental counting principle,
which states that if one event can occur in m ways and another in n ways, the total number
of combinations is m - n. If a model can be configured with 3 algorithms and 4 parameter
settings, there are 3 -4 = 12 possible configurations.

Permutations count ordered arrangements. The number of permutations of n items
taken r at a time is:

n!
Pn,r)y=——
(n,7) (n—r)!

For example, choosing 3 out of 5 Al tasks in order yields P(5,3) = 60 permutations. In
contrast, combinations count unordered selections:

n!
D=

Choosing 2 out of 4 sensors for a robot yields C'(4,2) = 6 combinations. This is especially
important when the order of choice does not affect outcomes, like selecting a set of features
for a model.

32.4 The Pigeonhole Principle

The pigeonhole principle states that if more than n items are placed into n containers, at
least one container holds more than one item. This has many intuitive implications in Al.
For instance, in a classification task with only 5 classes but 6 data points, at least one class
must contain at least 2 data points.

This principle supports hash collisions, data bucketing, and feature collisions in
AT systems. For example, in memory-constrained systems where features are hashed into
a fixed space, the pigeonhole principle guarantees that collisions will occur when the input
space exceeds the available buckets.
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32.5 Applications in Al

Probability and combinatorics form the foundation of several Al systems. In Bayesian net-
works, probabilities represent causal relationships between variables. Natural language
processing systems use probabilities to predict the next word or to classify sentiment. For
instance, a spam classifier might assign a high probability to the word “free” appearing in
spam emails.

Combinatorics helps in feature selection and hyperparameter tuning, where per-
mutations and combinations of different features and model settings are explored. Tools such
as grid search rely directly on counting combinations. Moreover, graph-based models like
Markov chains and HMMs use both probability and combinatorics to define transitions be-
tween states.

Below is a visual showing basic set operations relevant to probability:

Figure 32.1: Intersection of Events A and B

Another shape illustrates the combinatorics concept:

(B
A (B) C

Total permutations: 6

Figure 32.2: Permutations of A, B, and C

Summary

This chapter introduced the core principles of probability and combinatorics, which underpin
AT’s ability to reason, predict, and choose between uncertain outcomes. Key concepts include
probability rules, counting principles, and the pigeonhole principle. These tools are essential
in Al applications ranging from feature engineering to probabilistic inference.
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Chapter 33

Conditional Probability, Bayes’
Theorem, and Independence

33.1 Conditional Probability

Conditional probability measures the likelihood of an event occurring given that another
event has already occurred. Formally, the conditional probability of an event A given event
B is defined as:

P(ANB)
P(B)
Example 1: Suppose an Al image recognition system detects animals. Let event A be
"the image contains a cat" and event B be "the image contains an animal." If the probability
the image contains both a cat and an animal is 0.3, and the probability it contains an animal
is 0.5, then the conditional probability that the image contains a cat given it contains an
animal is:

P(A|B) = where P(B) >0

0.3
P(Cat | Animal) = 0E = 0.6
This means, given the image contains an animal, there is a 60% chance it contains a

cat.

33.2 Bayes’ Theorem

Bayes’ theorem provides a way to update the probability estimate for an event based on new
evidence. It is derived from the definition of conditional probability:

P(B | A)-P(A)
P(B)

Example 2: Consider a spam email classifier. Let A be the event "email is spam," and
B be the event "email contains the word ’free’." Assume:

P(A|B) =

e P(Spam) = 0.2 (20% of emails are spam),
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o P(’free’ | Spam) = 0.7 (70% of spam emails contain "free"),

e P(’free’) = 0.1 (10% of all emails contain "free").

Using Bayes’ theorem, the probability an email is spam given that it contains "free" is:

. 2
P(Spam | 'free’) = % =14

Since probabilities cannot exceed 1, this indicates P(’free’) must be reconsidered or this
is a simplified example showing the relative likelihood. If P(’free’) is exactly 0.14, then:

0.7 x 0.2 B

= 1.0,
0.14
meaning it’s almost certain the email is spam if it contains "free."

P(Spam | 'free’) =

33.3 Independence of Events

Two events A and B are independent if the occurrence of one does not affect the probability
of the other:

P(ANnB)=P(A)- P(B)
Example 3: In an Al system, suppose:

e A: "The system detects a cat in an image" with probability 0.4,

e B: "The system detects a dog in an image" with probability 0.3.

If the detections are independent, the probability the system detects both a cat and a
dog is:

P(ANB) =04 x0.3=0.12

This means there is a 12% chance both animals are detected simultaneously.

33.4 Applications in Probabilistic Models

Many AI models rely on these principles:
e Naive Bayes Classifier: Assumes features are conditionally independent given the
class label, making the computation of posterior probabilities efficient.

Example 4: In text classification, given features fi, fo, ..., f, representing the presence
of words, the probability that a document belongs to class C'is estimated as:

n

P(C| fi, far s f) < P(CY [ P(fi 1 ©)

i=1

Despite the strong independence assumption, Naive Bayes often performs surprisingly
well.

156



Mathematical and Statistical Foundations of Al

e Hidden Markov Models (HMMs): Use conditional probabilities to model the
likelihood of sequences. Independence assumptions simplify the model by assuming
current states depend only on the previous state.

Example 5: In speech recognition, the probability of a sequence of spoken words
depends on the probability of transitioning between hidden states (phonemes) and the
probability of observations given those states.

e Bayesian Networks: Represent conditional dependencies graphically, enabling effi-
cient reasoning.

Example 6: A Bayesian network for medical diagnosis might include nodes for symp-
toms, diseases, and test results, with edges showing causal relationships and conditional
probabilities guiding inference.

Summary

This chapter covered conditional probability and Bayes’ theorem, essential for updating
probabilities based on evidence. It explained event independence and how these ideas support
key Al models like Naive Bayes and HMMs. Through practical examples, you saw how these
probabilistic concepts underpin Al decision-making under uncertainty.
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Chapter 34

Random Variables and Probability
Distributions

34.1 Discrete and Continuous Random Variables

A random variable is a numerical outcome of a random process. Random variables can
be either discrete or continuous.

e A discrete random variable takes on countable values, such as integers or finite
outcomes.

e A continuous random variable can take on any value within an interval, typically
involving real numbers.

Example 1 (Discrete): The number of emails received in an hour is a discrete random
variable, which can take values such as 0, 1, 2, etc.

Example 2 (Continuous): The amount of time a user spends on a website is a
continuous random variable, as it could be any non-negative real number.

34.2 Probability Mass Functions (PMF) and Probability
Density Functions (PDF)

A probability mass function (PMF) defines the probabilities associated with the out-
comes of a discrete random variable:

P(X =x) =p(z), where Zp(m) =1

A probability density function (PDF) defines the likelihood of outcomes for a
continuous random variable. The probability of a value falling in an interval [a, b] is given
by:

P(aSXSb):/bf(x)dx, where /Oof(x)dle
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Example 3 (PMF): If a model outputs class probabilities such as P(Y = 0) = 0.3,
P(Y =1)=0.7, this is a PMF.

Example 4 (PDF): In a Gaussian noise model, the output might follow a normal
distribution with mean 0 and variance 1. The PDF is:

34.3 Expectation, Variance, and Higher Moments

The expectation (mean) of a random variable is the average value it would take over many
repetitions of the experiment:

E[X] = Za: - P(X ==x) (discrete), E[X] = / x - f(z)dr (continuous)
The variance measures the spread around the mean:

Var(X) = E[(X — E[X])?]
The standard deviation is the square root of the variance and gives dispersion in the
same units as the mean.
Higher moments such as skewness and kurtosis describe the shape of the distribution:
e Skewness measures asymmetry.

e Kurtosis measures "tailedness" (sharpness of the peak).

Example 5: If a classifier’s predicted scores for class A are centered around 0.9 with
low variance, it shows confidence. High variance might indicate model uncertainty.

34.4 Key Distributions and Their Roles in Al

34.4.1 Binomial Distribution

Models the number of successes in a fixed number of independent Bernoulli trials (e.g., binary
classification).

P(X = ) = (Z)pm _p

AT Application: Used in ensemble models like bagging to model the number of times
a model predicts the correct class.
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34.4.2 Poisson Distribution

Models the number of events occurring in a fixed interval of time or space.

Are=A
k!
AT Application: Useful in event modeling like rare keyword detection or requests per
minute in network logs.

P(X =k) =

34.4.3 Normal (Gaussian) Distribution

A symmetric, bell-shaped distribution characterized by its mean and variance.

F(@) = — a2/ o)
oV 2w

AT Application: Used in regression, Gaussian Naive Bayes, and modeling noise in
sensor data.

34.4.4 Exponential Distribution

Models the time between events in a Poisson process.

fx)y=Xe ™, x>0

AT Application: Used in survival analysis, queueing models, and time-to-failure pre-
dictions.

Example 6: In reinforcement learning, waiting time until a reward can follow an
exponential distribution.

Summary

This chapter introduced the concept of random variables and how they model uncertainty in
Al Discrete and continuous variables were discussed through their PMFs and PDFs. Expec-
tation, variance, and higher-order moments provided insight into the behavior of distribu-
tions. Finally, we explored key distributions like Binomial, Poisson, Normal, and Exponential
and their practical relevance in Al applications such as classification, modeling uncertainty,
and decision-making under stochastic conditions.
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Chapter 35

Advanced Probability Concepts and
Theorems

35.1 Joint, Marginal, and Conditional Distributions

In multivariate probability, we often deal with more than one random variable. Understand-
ing how these variables interact is crucial.

35.1.1 Joint Distribution

The joint distribution of two random variables X and Y defines the probability that both
occur together.
For discrete variables:

P(X =2,Y =y) =p(z,y)

For continuous variables:

fxy(z,y)

Example 1: In a recommendation system, the joint probability of a user clicking an
ad (Y = 1) and being in a certain age group (X = 2) can be modeled jointly.

35.1.2 Marginal Distribution

The marginal distribution of a variable is obtained by summing (discrete) or integrating
(continuous) out the other variables:

P(X =x) :ZP(X::E,Y:y) or fx(x) :/fx,y(x,y)dy

Example 2: The marginal probability of a user clicking an ad regardless of their age
can be found by summing over all age groups.
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35.1.3 Conditional Distribution

The conditional distribution defines the probability of one variable given the value of
another:

P(X =z,Y =y)
P(X =)

Example 3: In Al, we often model P(label | features) using classification models.

PY=y|X=2)=

35.2 Covariance and Correlation

35.2.1 Covariance

Covariance measures how two random variables change together:

Cov(X,Y) = E[(X — E[X])(Y —E[Y])]

A positive covariance means variables increase together, while a negative value means
one increases as the other decreases.

35.2.2 Correlation

Correlation standardizes covariance, yielding a value between —1 and 1:

Ox0Oy
Example 4: In Al, correlation helps identify feature redundancy. Highly correlated
features can be dropped or transformed using PCA.

35.3 The Law of Large Numbers (LLN)

The Law of Large Numbers states that as the number of trials increases, the sample mean
approaches the expected value:

1 n
lim — X, =E|X ith high babilit
Jim — ; [X] (with high probability)

Example 5: In training neural networks, the average loss over a large batch approxi-
mates the expected loss, which stabilizes learning.

35.4 Central Limit Theorem (CLT)

The Central Limit Theorem is a foundational result in probability theory. It states that,
for a large enough sample size n, the distribution of the sample mean is approximately
normal, regardless of the distribution of the original variable:
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Where:
e X is the sample mean
e /i is the population mean
e o2 is the population variance

Example 6: In deep learning, stochastic gradient descent (SGD) estimates gradients
using mini-batches. The CLT explains why these estimates follow a Gaussian-like behavior,
enabling convergence.

Summary

This chapter covered advanced concepts in probability that are essential for understand-
ing the foundations of statistical modeling and machine learning. We examined how joint,
marginal, and conditional distributions define relationships among variables. Covariance
and correlation quantify dependence, which is useful for feature analysis. The Law of Large
Numbers justifies averaging in algorithms like SGD, while the Central Limit Theorem ex-
plains the near-normal distribution of aggregate statistics, critical for confidence intervals
and error estimation in Al.
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Chapter 36

Simulation, Sampling, and Applications
in Al

36.1 Monte Carlo Simulations and Stochastic Estimation

Monte Carlo simulations use random sampling to estimate numerical results that may
be difficult or impossible to calculate analytically.

The basic idea is to simulate a process many times using random inputs and then
aggregate the results to approximate a quantity of interest.

1 N
= 2 (X0

Where X; are random samples from a distribution and f(X;) is a function of interest.

Example 1: Estimating the value of 7 using random points in a unit square and
checking how many fall inside the unit circle.

Example 2: In reinforcement learning, Monte Carlo methods are used to estimate
value functions by averaging rewards from simulated episodes.

36.2 Random Sampling Methods

Sampling methods allow us to draw representative data from a larger population or distri-
bution. Proper sampling is essential for training robust Al models.

36.2.1 Uniform Sampling

Each data point has an equal probability of being selected.
Example 3: In data augmentation, pixels might be randomly shifted or flipped using
uniform sampling to improve generalization.
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36.2.2 Stratified Sampling

The population is divided into subgroups (strata), and samples are taken from each group
proportionally.

Example 4: Ensuring balanced classes in classification tasks by sampling equally from
each class.

36.2.3 Importance Sampling

Importance sampling weights samples according to how "important" or informative they are

to the target distribution.
~ [ twwtaras = [ 1"

Here, g(x) is the proposal distribution and p(x) is the target.
Example 5: In variational inference, importance sampling is used to approximate
expectations under complex posterior distributions.

36.3 Probability in Supervised and Unsupervised Learn-
ing
Probability plays a foundational role in many learning algorithms:

e In supervised learning, models like logistic regression and Naive Bayes explicitly
model conditional probabilities P(y | z).

e In unsupervised learning, methods like Gaussian Mixture Models (GMMs) rely on
modeling the probability density P(x).

Example 6: In image classification, softmax outputs represent estimated probabilities
of each class.

Example 7: In clustering, GMMs estimate the likelihood that a point belongs to a
latent Gaussian component.

36.4 Use Cases: (Generative Models, Probabilistic Rea-
soning, and Uncertainty Estimation

36.4.1 Generative Models

Generative models learn to approximate the joint distribution P(z,y) or P(z), enabling
them to generate new, plausible data points.

Example 8: Variational Autoencoders (VAEs) and Generative Adversarial Networks
(GANS) both use random sampling to generate images, text, or sound.
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36.4.2 Probabilistic Reasoning

Probabilistic graphical models like Bayesian Networks and Hidden Markov Models allow
reasoning under uncertainty.

Example 9: A medical diagnosis system can use Bayes’ rule to infer the probability of
a disease given observed symptoms.

36.4.3 Uncertainty Estimation

Bayesian deep learning methods quantify uncertainty in predictions by treating model pa-
rameters or outputs as distributions.

Example 10: Dropout as a Bayesian approximation in neural networks provides con-
fidence intervals around predictions, critical for high-stakes applications like autonomous
driving.

Summary

This chapter presented simulation and sampling methods that underpin many probabilistic
approaches in AI. Monte Carlo techniques enable estimation in complex models, while var-
ious sampling techniques ensure efficiency and fairness in model training. From supervised
classification to deep generative modeling, probability and randomness are central to both
inference and learning in modern Al systems.
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Chapter 37

Exploring and Visualizing Data

Understanding and exploring data is the first step in any statistical or Al workflow. This
chapter introduces foundational tools in descriptive statistics and data visualization, which
help summarize and understand the shape and structure of data before more complex mod-
eling is applied.

37.1 Central Tendency: Mean, Median, and Mode

Central tendency refers to measures that represent the center or typical value in a dataset.

e Mean (Average): The sum of all data values divided by the number of values.

e Median: The middle value in an ordered dataset. If the dataset has an even number
of elements, it is the average of the two middle values.

e Mode: The most frequently occurring value in a dataset. Datasets can be unimodal,
bimodal, or multimodal.

For example, consider the dataset {3,5,5,7,9}. The mean is 5.8, the median is 5, and

the mode is also 5.
In AI, measures of central tendency help normalize data and identify outliers before

feeding it into models.

37.2 Dispersion: Variance and Standard Deviation
Dispersion quantifies how much data values spread around the mean.

e Variance:
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e Standard Deviation (SD): The square root of the variance, which is in the same

units as the data.
o =/ Var(X)

For example, a dataset with values close to the mean will have low variance and standard
deviation. In Al, low-variance features may be dropped as they provide little discriminative
power.

37.3 Distribution Shapes and Skewness

The shape of the data distribution reveals important information:

e Symmetric: Mean = Median = Mode (e.g., normal distribution)
e Right-skewed: Mean > Median

o Left-skewed: Mean < Median

Skewness can affect the performance of algorithms that assume normality, such as linear
regression.

37.4 Data Visualization Techniques

Visualizations make patterns, trends, and outliers in the data apparent, which can be missed
by numerical summaries alone.

37.4.1 Histograms

Histograms show the frequency of data within specified intervals (bins). They are useful for
visualizing the distribution of continuous variables.

37.4.2 Box Plots

Box plots visualize the median, quartiles, and potential outliers. They are ideal for comparing
distributions across categories.

e Box edges: first (Q1) and third (Q3) quartiles
e Line inside: median (Q2)
e Whiskers: variability outside the upper and lower quartiles

e Points beyond whiskers: potential outliers
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37.4.3 Scatter Plots

Scatter plots show the relationship between two continuous variables and are frequently used
in regression analysis and anomaly detection.

37.4.4 Modern Visualization Tools

In AT applications, tools such as Seaborn, Matplotlib, and Plotly in Python allow dynamic
and interactive plotting. These tools support:

e Pairwise scatter plots to visualize multivariate relationships
e Heatmaps to display correlation matrices

e Violin plots to combine box plots and distribution shapes

37.5 Applications in AI and EDA

Exploratory Data Analysis (EDA) involves using the above techniques to:

e Detect data quality issues (missing values, duplicates)
e Understand variable importance and correlation
e Guide feature engineering (e.g., log transforms for skewed data)

For example, visualizing word frequency distributions helps preprocess text in NLP
models. In computer vision, pixel intensity histograms can uncover contrast or brightness
issues.

Descriptive statistics and visualization are foundational to ensure that downstream Al
models are built on clean, well-understood data.

Summary

In this chapter, we covered the core concepts of descriptive statistics and visualization. We
learned how measures of central tendency and dispersion describe the shape and spread of
data. We also explored how histograms, box plots, and scatter plots reveal patterns and
relationships that may be crucial for feature selection and model building in AI. Effective
data exploration and visualization not only enhance model performance but also prevent
critical mistakes caused by poor data understanding.
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Chapter 38

Statistical Inference and Estimation

Overview

Statistical inference enables us to make reasoned judgments about a population based on a
sample. It forms the backbone of modern scientific investigation and Al model validation. In
this chapter, we focus on two key aspects of inference: estimation and confidence intervals.
These tools are essential for understanding and managing the uncertainty inherent in data-
driven decision-making.

38.1 From Sample to Population: The Logic of Inference

In many real-world situations, collecting data from the entire population is impractical or
impossible. Instead, we draw a sample and use statistical techniques to infer properties of
the population. This is the central goal of statistical inference.

For example, if we want to understand the average income of all Al engineers globally,
we cannot survey everyone. By randomly sampling a few thousand engineers and calculating
the sample mean, we can estimate the population mean. Statistical inference provides tools
to quantify how accurate that estimate is.

38.2 Point Estimation

A point estimate is a single value used as an approximation for an unknown population
parameter. The most common point estimates are:

e Sample mean (Z) for the population mean (u)
e Sample proportion (p) for the population proportion (p)
e Sample variance (s®) for the population variance (o)

Example: Suppose we train a model on a dataset of 1,000 images and find that the
mean prediction accuracy is 86%. This is a point estimate of the model’s expected accuracy
on future data.
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38.3 Interval Estimation and Confidence Intervals

Point estimates do not convey the uncertainty around them. Confidence intervals (CIs)
provide a range that likely contains the true population parameter. A 95% confidence interval
means that if we repeated the sampling process many times, about 95% of the computed
intervals would contain the true parameter.

Formula for Confidence Interval for the Mean (when population standard
deviation is unknown):

_ " S
T+t %
Where:

e T is the sample mean

e s is the sample standard deviation

e n is the sample size

e {* is the critical value from the t-distribution

Example: In an Al experiment, if we measure a model’s accuracy over 30 training
runs with a sample mean of 92% and a standard deviation of 2.5%, we can construct a 95%
confidence interval to report the likely range of true accuracy.

38.4 Margin of Error

The margin of error (MOE) quantifies the extent of potential error in our estimate due to
sampling variability. It is the amount added and subtracted to create a confidence interval.
Larger samples yield smaller MOEs.

g
MOE = z* . —
z T

Example: In estimating the proportion of users who prefer a specific Al assistant,

a survey finds 60% preference with a MOE of 4%, resulting in a confidence interval of
[56%, 64%)].

38.5 Applications in AI: Estimation and Validation
In machine learning, estimation and inference are key to model evaluation and selection:

e Training-validation splits: Use sample-based estimates of model accuracy and loss
to infer generalization performance.

e Parameter tuning: Optimize hyperparameters based on statistical confidence from
cross-validation scores.
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e Bayesian methods: Use prior distributions and observed data to compute posterior
estimates and intervals.

Example: When using k-fold cross-validation, we generate a distribution of perfor-
mance metrics. Confidence intervals around the mean accuracy inform us whether model
differences are statistically significant or due to random variability.

Summary

Statistical inference allows us to draw conclusions about a population based on sample data.
Point estimates give a single value for the parameter, while confidence intervals provide a
range that reflects uncertainty. These methods are fundamental in Al, where we rely on
empirical data to make predictions and decisions. Understanding the margin of error and
the precision of estimates ensures robust and reliable model evaluation.
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Chapter 39

Hypothesis Testing and Statistical
Significance

Overview

Hypothesis testing provides a formal framework for making decisions and drawing conclusions
from data. It allows researchers and Al practitioners to assess whether observed effects are
likely due to chance or represent true underlying phenomena. This chapter introduces the
core concepts of hypothesis testing, error types, test statistics, and the interpretation of
p-values, along with their applications and limitations in Al research.

39.1 The Hypothesis Testing Framework

Hypothesis testing begins with formulating two competing statements:

e Null hypothesis (Hp): The default assumption, often representing no effect or no
difference.

e Alternative hypothesis (H,): The claim we want to test, indicating the presence of
an effect or difference.

The goal is to evaluate evidence against H,y based on sample data and decide whether
to reject it in favor of H,.

39.2 Type I and Type II Errors

Decision-making under uncertainty involves risks:
e Type I error («): Rejecting Hy when it is true (false positive).
e Type II error (f): Failing to reject Hy when H, is true (false negative).

The significance level « is the maximum acceptable probability of a Type I error, com-
monly set to 0.05.
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39.3 Test Statistics and Common Tests

Hypothesis tests use test statistics calculated from data to measure the evidence against Hy.
Common tests include:

e Z-test: Used when population variance is known and sample size is large.
e t-test: Used when population variance is unknown, typically with smaller samples.
e Chi-square test: Tests relationships between categorical variables.

Example: In Al, a t-test can compare the mean accuracy of two models over multiple
runs to determine if one statistically outperforms the other.

39.4 Understanding p-values

The p-value is the probability, under Hy, of observing a test statistic at least as extreme as
the one measured. A small p-value indicates strong evidence against Hy.
If the p-value is less than «a, we reject H,.

39.5 Limitations of p-values and Practical Significance
While p-values are widely used, they have important limitations:

e They do not measure the size or importance of an effect.

e A statistically significant result may be practically insignificant.

e p-values depend heavily on sample size.

In Al research, it is crucial to complement p-values with effect sizes, confidence intervals,
and domain knowledge to draw meaningful conclusions.

Summary

Hypothesis testing is a cornerstone of statistical inference, enabling data-driven decisions
about models and phenomena. Understanding Type I/II errors, test statistics, and p-values
helps Al practitioners critically evaluate results. Emphasizing practical significance ensures
that findings are both statistically valid and relevant to real-world applications.
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Chapter 40

Relationships and Prediction

Overview

Understanding relationships between variables is fundamental in statistics and AI. This
chapter covers measures of association such as covariance and correlation, and introduces
regression analysis to model and predict outcomes based on input variables. These tools are
essential for trend analysis, forecasting, and supervised learning.

40.1 Covariance and Correlation

Covariance measures the joint variability of two random variables X and Y

n

Cov(X,Y) =E[(X — pux)(Y — uy)] = % Z(xi —7)(yi — 9)

=1

where px, pty are the means of X and Y, and Z,y are sample means.
Covariance can be positive, negative, or zero:

e Positive covariance indicates that X and Y tend to increase or decrease together.

e Negative covariance means that when one variable increases, the other tends to de-
crease.

e Zero covariance implies no linear relationship.

However, covariance is scale-dependent and hard to interpret directly. To address this,
correlation standardizes covariance by the product of the standard deviations:

where oy, 0y are standard deviations of X and Y.
Correlation values range from —1 to 1:

e p = 1: Perfect positive linear relationship.
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e p = —1: Perfect negative linear relationship.

e p = 0: No linear relationship.

Example: Suppose we have data on hours studied (X) and exam scores (Y') for stu-
dents. A high positive correlation near 0.9 would indicate that more hours studied generally
lead to higher scores.

40.2 Linear Regression and Least Squares

Regression analysis models the relationship between a dependent variable Y and one or more
independent variables X;. The simplest form is simple linear regression:

Y =0+/X+e

where [y is the intercept, S is the slope, and € is the error term assumed to have zero mean.
The goal is to find parameters 3y, 51 that best fit the data. The most common approach
is the least squares method, which minimizes the sum of squared residuals:

n

min (yi — Bo — 511}')2
Bo,B1 —

The closed-form solutions for £y and [, are:

i (i — ) (Y — 9)

SN P

Bo=1y— BT

40.2.1 Multiple Linear Regression

Extending to multiple features:
Y =0+ 65X+ Xe+ -+ 5,X, +e

Using matrix notation:
Y =XB+e¢€

where Y is an n x 1 vector of responses, X is an n X (p + 1) matrix including a column of
ones for the intercept, and 3 is the parameter vector.
The least squares estimator is:

B=X"X)"'XTY

40.2.2 Assumptions of Linear Regression
e Linearity: Relationship between predictors and response is linear.
e Independence: Observations are independent.
e Homoscedasticity: Constant variance of errors.

e Normality: Errors are normally distributed.

Violation of these assumptions can lead to biased or inefficient estimates.
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40.3 Model Evaluation Metrics

Common metrics to evaluate regression models include:

e Mean Squared Error (MSE):

n

1
MSE:— i Ai 2
" ;Zl(y Ui)

e Root Mean Squared Error (RMSE): Square root of MSE.

e R? (Coefficient of determination): Proportion of variance in Y explained by the model.

40.4 Applications in Al

e Trend Analysis: Detecting and quantifying relationships between variables in datasets.

e Forecasting: Predicting future values such as sales, temperature, or stock prices based
on past data.

e Supervised Learning: Linear regression forms the foundation of regression-based
prediction models.

e Feature Selection and Engineering: Understanding correlation helps reduce re-
dundant features.

Example: Predicting Housing Prices

Suppose we want to predict house prices based on size and number of bedrooms. We fit the
model:

Price = By + 1 x Size + B3 x Bedrooms + €

By fitting this model to data, Al systems can estimate prices for new houses given these
features.

Summary

Covariance and correlation quantify relationships between variables. Regression analysis
extends these concepts to model and predict outcomes. These statistical methods are core
to AI for understanding data patterns and making informed predictions.
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Chapter 41

Comparing Groups and Advanced
Analysis

Overview

In this chapter, we explore statistical methods for comparing multiple groups and delve into
the world of multivariate analysis. We begin with Analysis of Variance (ANOVA), which
helps determine if there are significant differences between group means. We then intro-
duce foundational multivariate techniques such as Principal Component Analysis (PCA)
and clustering, crucial for analyzing high-dimensional data. Finally, we connect these statis-
tical tools with AT workflows, emphasizing model evaluation, data preprocessing, and ethical
Al development.

41.1 Analysis of Variance (ANOVA)

When an Al practitioner wants to compare the performance of a model trained on different
datasets or compare user engagement across various platforms, it’s important to determine
if the differences in means are statistically significant. ANOVA serves as a robust tool in
these scenarios.

41.1.1 One-Way ANOVA

One-way ANOVA is used when there is one independent categorical variable (factor) with
two or more levels (groups), and we want to compare the means of a continuous outcome
variable.

o_ MSB _ SSB/(k—1)
- MSW  SSW/(N —k)

Where:
e SSB: Sum of squares between groups

e SSW: Sum of squares within groups
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e M SB: Mean square between groups
e MSW: Mean square within groups
e k: Number of groups

e N: Total number of observations

41.1.2 Example: Model Accuracy Comparison

Suppose we evaluate the accuracy of a sentiment analysis model across three datasets: Twit-
ter, Reddit, and Amazon reviews.

e Group A (Twitter): [82, 85, 80, 78, 84]
e Group B (Reddit): [75, 77, 76, 74, 78]
e Group C (Amazon): [88, 90, 87, 91, 89]
Using ANOVA, we can determine if the differences in mean accuracies are statistically

significant, guiding whether the model generalizes equally across platforms.

41.1.3 Post-hoc Analysis

If ANOVA shows significance, we conduct post-hoc tests (e.g., Tukey’s HSD) to identify
which specific groups differ.

41.2 Introduction to Multivariate Statistics

In real-world Al applications, data often consists of multiple variables. Multivariate tech-
niques analyze these variables simultaneously, helping identify patterns, reduce dimension-
ality, and understand variable relationships.

41.2.1 Principal Component Analysis (PCA)

PCA reduces high-dimensional data while retaining as much variance as possible. This is
done by transforming the original variables into a new set of orthogonal components.

Principal Components = X - W
Where:

e X: Data matrix
e W: Eigenvectors of the covariance matrix of X

Example in AI: PCA is widely used in image processing. For instance, it can reduce
the dimensionality of image data for a face recognition system, speeding up training and
inference.
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41.2.2 Clustering and Unsupervised Learning

Clustering techniques, such as K-means or hierarchical clustering, group observations into
similar clusters.

Example: In customer segmentation for a recommender system, clustering can identify
distinct groups of user behavior, leading to more personalized recommendations.

41.2.3 Factor Analysis

Used to model latent constructs not directly observable, such as user satisfaction or sentiment
in natural language processing.

41.3 Embedding Statistical Thinking in AI Workflows

41.3.1 Model Evaluation

Statistical tools help evaluate AI models rigorously. For example, we can use confidence
intervals for metrics like accuracy or RMSE (root mean squared error) to assess model
reliability across different test sets.

41.3.2 Ethical Considerations

Statistical audits are essential in evaluating fairness, bias, and transparency in Al systems.

Example: If an algorithm shows different accuracy rates for different demographic
groups, statistical significance tests can determine if these disparities are due to chance or
reflect real biases.

41.3.3 Uncertainty Estimation

Quantifying uncertainty is crucial, especially in high-stakes applications like medical diag-
nosis or self-driving cars.

41.3.4 Reproducibility

Using confidence intervals, hypothesis testing, and well-documented statistical protocols en-
sures reproducibility across different research settings.

Summary

ANOVA is a powerful method for comparing group means in Al model evaluations. Mul-
tivariate techniques, such as PCA and clustering, allow us to extract meaningful patterns
from complex, high-dimensional data. Embedding statistical thinking enhances AI work-
flows, ensuring models are interpretable, ethical, and reproducible.
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Glossary

Absolute Value The non-negative distance of a number from zero on the number line.

Algebraic Expression A mathematical phrase involving numbers, variables, and opera-
tions.

Angle The figure formed by two rays sharing a common endpoint (vertex).
Arithmetic Basic operations including addition, subtraction, multiplication, and division.
Circle A set of points in a plane that are all the same distance from a center point.

Coordinate System A system that uses ordered pairs to uniquely determine the position
of a point.

Derivative A measure of how a function changes as its input changes; the slope of the
tangent line at a point.

Equation A mathematical statement asserting that two expressions are equal.
Factorization The process of breaking an expression into a product of its factors.
Fraction A number that represents a part of a whole; expressed as one integer over another.
Function A relationship where each input is associated with exactly one output.
Gradient A vector indicating the direction and rate of fastest increase of a scalar field.
Graph of a Function The visual representation of all input-output pairs of a function.
Hypotenuse The longest side of a right triangle, opposite the right angle.

Inequality A mathematical statement comparing two values that may not be equal.
Integration The process of finding the area under a curve or solving differential equations.
Limit The value a function approaches as the input approaches a given point.

Matrix A rectangular array of numbers, symbols, or expressions arranged in rows and
columns.

Partial Derivative The derivative of a multivariable function with respect to one variable
while holding others constant.
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Percent A fraction out of 100; often used to describe proportions.

Polynomial An expression made up of variables, coefficients, and exponents combined using
addition, subtraction, and multiplication.

Probability A measure of how likely an event is to occur.
Proportion An equation stating that two ratios are equal.

Ratio A comparison of two quantities by division.

Sequence An ordered list of numbers following a particular pattern.
Series The sum of terms of a sequence.

Set A collection of distinct objects considered as an entity.

Symmetry A property where a figure or object remains unchanged under certain transfor-
mations.

Tensor A mathematical object generalizing scalars, vectors, and matrices, useful in multi-
dimensional data representation.

Transformation A change in position, size, or shape of a figure.
Trigonometric Function A function of an angle, such as sine, cosine, or tangent.
Vector A quantity that has both magnitude and direction.

Bayes’ Theorem A formula describing the probability of an event, based on prior knowl-
edge of conditions related to the event.

Combinatorics The branch of mathematics dealing with counting, arrangement, and com-
bination of objects.

Confidence Interval A range of values within which a population parameter is estimated
to lie with a certain probability.

Correlation A measure of the relationship between two variables.
Hypothesis Test A statistical method for testing a claim or hypothesis about a parameter.
Mean The average of a set of numbers.

Probability Distribution A function describing the likelihood of different outcomes in an
experiment.

Random Variable A variable representing outcomes of a random phenomenon.

Regression A statistical technique for modeling and analyzing the relationships between
variables.
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Sampling The process of selecting a subset of individuals from a population to estimate
characteristics of the whole population.

Simulation The imitation of a real-world process or system over time, often using random
sampling.

Standard Deviation A measure of how spread out numbers are in a data set.

Statistical Inference The process of drawing conclusions about a population based on
sample data.

Variance The average of the squared differences from the mean.

Visualization The graphical representation of data or concepts for easier interpretation.
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